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Kegpdhoaio 1

To meodlo oplowoV evog
WETEOU

1.1 Ewoayowyn

IebéBAnua: o xadopiopdc/unohoyiopdc Tou 6YXoU f NG ETPEVELNS CTOV
R? 4 R? yoplwv mou gpdocovio and emipdveles  xopnlAec oL omoleg dev elvou
1600 xahéc WoTe va amodidouv ol texvixéc Tou AmelpooTtinol Aoyiouoo.

To Bérnoto/emduuntd Yo frav 1 Onapén cuvdptnong

p: P (R") = [0,00]

hote ol TéS NS oTa «xakd» oOvVoAa va cuprintouy pe autéc mou divel o Amel-
pootx6c Aoylopoc.
Emnduuntéc wbidtnrec:

(i) av Ey, E,, ... nenepacpévn 1| dnelpn axohouvdia Eévev cuvORwY T6TE
w(ByUEyU.)=pu(E)) +p(Ey) + ...

(ii) av to E elvou petagopd, otpoph A avéxhaon tou F t61e p (E) = p (F)

(iif) Yéloupe 1 cuvdptnom va uny elvar TawtoTind undév. Ondte Yétoupe xdmola
xavovixonoino, yio napdderypa, i (Q) =1 6mov @ o povodioiog x0Boc

Q:{xeR":O<xj<1YLotj:1,...,n}

Avotuyte xdtl Tétoto elvor avépixto axopa xou otny nepintwon n = 1. Ag dolue
yoti:

Opiloupe oo civolo [0, 1) wa oyéon wooduvapiog: z ~y <z —y € Q. And
x&de xhdon tooduvapiog emhéyoupe €va otolyeio xar oynpatilovue tTo clvolo E
(w16 amoutel To afinpo e emhoyrc). T xdde r € QNI0, 1) opiloupe To slvoro

E ={y+r:yecEn0,1-r)}u{y+r—1:ye ENn[l—r,1)}.

Oa deifouye 6TL Yoo xdde x € [0,1) umdpyer axpPde éva r € QN [0,1) wote
z € E,. 'Eotw z € [0,1) xu éotw y € [z] N E (10 E nepiéyet éva otoiyelo and
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xdrde x\don 1ooduvapiog). Oétw

T—y av T >y
r =
z—y+1 avz<y.

Ye xéde nepintwonz € E,.. Awbttave >y tdtez =y+r,y€e Exny=z—r <
l—r. AAwcave<ytdtez=y+r—1l,yeE,xny=x—r+1>1—1rxu
y=rz—r+l<lezr<r=r—y+lsy<l.

Ac{Eape 6t yio xdde x € [0,1) vndpyer r € QN [0,1) wote z € E,.. Topa du
deilouye 6Tt autd To T elvan povadixb. Av x € E.NE, xur # s 10 . — 7 1 0
x—r+1, xut0z—sh 10—+ 1, civar Sroxexppéva otolyeio Tou E (Si6T
r—r=z—ser=sxuzr—r=z—s+lser=s—1<0,r€][0,1)), nou
ouwe avixouy oty Bl xAdon tooduvapiog agol éyouv enty Slagopd. Autd elvon
ad0vaTo.

"Ectw tdpa 61 10 p : P(R) — [0, 00] weavonoel tor (i), (if) xou (iil). Ané
to (i) xou (ii), p(E) = p(ENJ0,1— )) +u(EN[l—r1)) = u(E,) v xdde
reQnJo,1). Adé to QN[0,1) eivar aprdurowo ondte

12w, S wE) Y S wE)

reQn[0,1) reQn[0,1)

(E) < 00 = u(E) = 0 al& téte Y p(E) =

—
=

T0 ornolo eivon dtomno, agol Y,
0+#1

Oa propoloope vo yahaphoovpe to (i) v loylel pbvo oe tenepacuéva adpoi-
odota, oAAE 00te auTd elvan xahd a@ol N tpocleTixdTnTa Yior dnelpeg axoloudieg
elvow amopaltnT Yio dha To amoTeAEoUaTa CUVEYELXG XU oplwy. EmmAiéov av n > 3
auth 7 acdevéotepn exBoyxh e (i) eivon acOpPatn pe o (if) »ou (iii).

ITpdrypott to 1924 o1 Banach xou Tarski anédeiav to axdhouvdo xatamhnxtind
anotéheopo: Av U xau V' @paypéva avolytd uroclvora tou R™, n > 3. Téte
vndpyet k € N xau utoocOvora Eq, ..., E,, F}, ..., F, € R" ®ote

(i) E; Eévaxow UE; =U.
(i) F; Eévaxa UF; = V.

reR H

(iii) to Fj eivon petagopéc f/xon otpogpéc fi/xou avaxhdoeic tou E;, Vi =1, ...

Aé€odog: AMSLoupe to nedio oplopol Tou p and o va elvon 6o 1o P (R™)
va efvon xotdhAniec vroowoyévelec. To g AMéyovron pétpa xan eppaviCovio oe
BLdpopal EMOTNUOVIXE AVTIXEIUEVA OTWE OTN PUOLXY WG XaTavour udlag 1 oTig
mdoavétntee we mdavotnTa.

1.2 o-dAyePBeeg

‘Eotw X # 0. M dAyeBpa cuvohev oto X elvou plar un xevy| oxoyévela
ouvohwv A C P(X) 1 onola eivon xAELOTH OTIC TEMEPACUEVES EVICELS X0l GTA
ovumAnpopate. Anhadh, av By, Ey, ... E, € A = U] |E; € Axu VE € A =
E° € A. Av addEouue tov oplopd WoTe aptunoLUes EVOCELS VoL avAXoLY oTnv A
T6TE €YOVUE TOV OpLoPS NS o-dAyePpac.

Mapathenon 1.2.1 N;E; = (U,;E5)° € A dpa o o-dhyefpa nepéyet xou oprd-

UAOUWES TOUES TWV o-rotxstow me. EtotavE€A(A+0)=>E€e A= 0=
EnE‘ceA=0e A Enlonc X=FEUE‘c A= X € A.
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IMopathenon 1.2.2 M dhyeBpa A eivon o-dhyefpa av elvon xheloth oTic o-
priufiowec evaoeic Eévav otolyelnv e Av (E;)7; C A 9étoupe

k—1

LiJE]-] =E;N (@EJ €A

xon (F;) Zéva xou emmhéov UFy = UE). Auté To téyvaopd, TO Vo PETATEEEL
xavelc yio ooyévela cUVOAwY oe cUVoAa EEva UETAED Toug PE TNV (Bla Evwon, Yo
xenowonoindel cuyvd mopaxdTw.

Iopdderypa 1: T xdde obvoro X, 1o P(X) xou to {0, X} eivon o-dhyePpec.
IMopddeiypo 2: Av X vrepapriufiowo (yio napdderypa, X =R) n

A={E C X : E apipfocipo ¥ E¢ aprdufciuo}

elvon 1 o-dhyeBpa TwV apliuroiuwy cuVOAWY Y cuv-apLiuNoLHWY CUVOAWY.

Etvar edxoho va ehéyEel xavele 6Tl 1 tour| o-dAyeBpwyv eivon o-dhyefpa. 'E-
tot av € C P(X) undpyet povadind eNdyiotn o-dhyeBpo M (E) nou mepiéyel Ty
owoyévewr € (1 Touf GhwV Twv o-dhyeBpwv Tou TEpEYoLY TNV & X0 UTEPYEL TOU-
Nyrotov pla tétowa, ) P(X)). H M(E) Aéyetan «n o-dhyeBpo mou moapdyetar omd
myv En.

IMopathenon 1.2.3 Av E C M(F) = M(E) C M(F).
Opiop6c 1.2.4 Av X petpikds 1§ tonodoyikds xdpos, n o-dAyeBpa mov mapd-
yetar ané ta avorytd vrooUvoda tov X Aéyetar Borel o-dAyefpa kar ovuPoriletar

pe Bx. Ta oroela tng Aéyovtar olvoda Borel. H By mepiéyer avoiytd, kAiotd
ovrvola, apiOunoIUeS evioes kKAEoTdY Tuvddwy K.AT.

o Apifunowun tour} avoyytdy ouvvddwy ovoudlovtar G5 odvola.
o Apiunioun évwon kAewtdy owilwy ovoudlovtar F,. otvora.
o Apifunowun évwon Gy ouvvddwy ovoudlovtar G4, ovvola.

o Apiuniowun toun F, ouwdlwv ovoudlovrar F, 5 olvoda.
(6 ka1 o and Ta yepuavikd Durchschnitt ka1 Summe, 6nladrj tourn kar évwon).

H Borel o-dAyeBpa oto R Yo elvan onuavtie mopoxdten: xou yi” autéd divouue
oTNVY en6Uevy TpdTaoy didpopouc TpéTouE UE Toug omoloug uropel vo mapaydel.

IMpétaon 1.2.5 H By unopel va napaylel and tig akélovdes orkoyéveies:
o avoytd Gweotiuata £, = {(a,b) : a < b}
o KkAeiotd Saothiuate £ = {[a,b] : o < b}
o nui-avotd Swotruate 5 = {(a,b] : a < b} § 4 = {[e,b) : @ < b}
o & ={(a,00) :a €R} § &g ={(—00,a): a € R}
o & ={la,00):a€R} 1) Eg={(—00,0] : a € R}
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Ano6degn: Oha to mopandve eivor obvoha Borel, dpa M(E;) C By. Kdde
avotyté urtocivolo tou R eivor aprdurown évwon Slaotnudtwy, dpo By C M(&,).
Ouolwg xdde M(E;), j > 2, mepiéyel Ta avolyTd dothpata, dpo By C M(E)). |

‘Eote (X,)aca OUNOYH un xevedy ouvolwy xa éotw X =[] _, X,,. Enlone
T, + X = X, n npoPohf) oty a-cuvtetaypévn. Av M, elvou pio o-dhyeBpa oto
X, v xdde a, n o-Ghyefpa yivouevo oto X elvan 1 o-dhyeBpa mou mapdyeton
ond To

{m M (E,) : E, € M,,a € A}.
Avth ) o-dhyeBpa ) ovyPorilovye pe @, 4 M,

IMpétaon 1.2.6 Av A apiunioipo, twove n Q.4 M, €var n o-dyefpa mov
napdyerar and va {[[ _, Eq : E, € M, }.

Anédelin: E, € M, = ' (E,) = HﬁeA Egpe Eg = Xg VB # a dpa
QpcaMa € M{Il cn Ba : By € My} (elvon 1 o-dhyefpa mou mapdyeton omd
o {J] ca Eo : By € M,}). Avuotpégoc, [1, 4 By = Naeams' (E,) o onolo
avixer 610 Q) . 4 My, Yioi To A elvon aprdpioipo. Apa n Tour elvan oprdufiown
wou {J] s Bo i By €My} C Q& cp Mo Ané v Topatfipnon 1.2.3 éneton 6t

M{TL oy Bat By € My} €@ oy M. |

Ilgoétaon 1.2.7 Eotw 6t n M, mapdyetar and tny owkoyévewa &,, o € A.
Tére n Qs M, mapdyetar ané v F, = {7, (E,) : E, € £,,a € A}. Ay
A apiurjopo kar X, € &, Ya, tte n Q4 M, mapdyetar ané y Fo =
{HaeA : EOL € 6‘Ot}'

Anédedn: Pavepd M(F ;) C Q4 M- Aviiotpdgus Vo, n {E C X, :
1 H(E) € M(F )} elvou o-8hyefpa 010 X, mou meptéyel v &, dpat xaw Ty M.
Anhodh N (E) € M(F ), VE € M, Vo€ Axandpa @, M, C M(F;). O
de0TEPOC LOYVPLOUOC TTPOXUTTEL Amd TOV TPHOTO OTwe oty anddelrn e Hpdtaong
1.2.6. I

Tty endpevn npdtoon, uneviuuiloupe éttav (X4, p1), (Xg, p3), (X, Pr)
elvon petpueol ywpot, 1 UeTEix) YWvOuevo p oto clvoho X = H’f X; opiletan w¢
e€fic: av & = (z))]y, ¥y = (y;)jy € X w67€ p(z,y) = max{p;(z;,y;) : j =
1,2,...,n}.

ITeétaon 1.2.8 Eotww X4,...,X,, petpikol xdpor kar éotw X = HT X, €po-
Oaopévo ue tn petpikr) ywipevo. Téte ®?:1 ﬂXj C Bx. Av o1 X; elvar Siayw-
plouor tére ®;L:1 Bx, = Bx.

AnéddeEn: H ®;.L:1 B, mopdryeTon (amd v Hpbdtaon 1.2.7) and ta cOvola
-1
J
otov X dpa ®?:1 BXj C By. 'Eotww thpa 61 (x?)z’;l Tuxvé otov X; xou & n

7 (U;), 1 < j < npe U; avorytd otov X;. AANNG autd o ohvoha elvan avolytd

CUANNOYT] TWV VOLYTOV UTAAWY UE XEVTEA TA :1:;?, k=1,2,.. xo pnty oxtiva. ‘Etol
%8 avory 6 cuvoro Tou X elvou Eveon oToiyelwv Tne &, xou pdhiota apriurfouun
evoon agol, N &; elvan aprdurfoun. To otouyeia Tou X pe ouvietaypévee and ta
x;“ elvon aprduriowo muxvéd vnoclvold tou. O undiec tou X, Ue xévtpa aUTE Ta
otouyela xou oxtiva eNTéd 7, elvan yivépeva prakov axtivac m ota X, ue xevipo

and T :c;?, kE =1,2,. Eto 7 ij nopdyeton on6 Ty £, xou n By ond ta
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{E1xEyx..xE, : E; € £;}. Ané tnv lpbtaon 1.2.7 énetu 61t By = ®?:1 B
[

Iléeiopoa 1.2.9 By, = ®?:1 Br

Optopog 1.2.10 Mia oikoyévewa &, anotedolevn and vroovrola tov X, Aéyetar
oToryedons dray

(i) 0ee
(i) EEFEE=>ENFel
(ili) E € &= to E° elva1 nenepacuévn évwon otoyeiwy tng E.

IMpétaon 1.2.11 Ay & elvar otoyedddons oikoyévewa, n ovAdoyi A twv meme-
paopévav Evov evdoewy otoieiny tng & elvar dAyeBpa.

Ano68edn: O delfoupe 6T N
A={U}|E; : E; € E, &vo ,N e N}

elvon GAyeBpa.

A #+ 0 361 av 9éoovye N = 1, E; = () éneton and tov opiopd tne A 6Tt
De A

D va elvon 1 A *AELOTH OTNG TEMEPAOUEVES EVOOELS, ETEWDN 1) TETEPACUEV
évworn otolyelwy e A elvon nencpacuévn évwon otolyeiny 'mg &, opxel va dei-
Eoupe 6L av By, E,, ..., Ey € & oy O(TEO(pO(!.‘CT]TCX géva, ToTE U 1E; € A Ba 1o
oel€oupe ye enaywyh oto N. Av N = 1 eivon npogpavéc. Av N = 2 t6te av B,
E, € & oy anopaitnta Eéva, téte and v Widtnta (iii) e € (opopde 1.2.10)
urdpyouy Z,(Ey) xou Zy(E,) € & Eéva Gote ES = Z1(Ey) U Zy(E,). Ondte

E,VUE, = (E1 N Eg) UE, = (E1 N Z1(E2)) U (El n ZQ(EQ)) U E,

o Ta Tptar Teheutala ohvola elvon @oavepd Eéva, xan Aoyw tne Widtntoc (ii) e &
(oplopde 1.2.10) elvon otouyela e £.

"Eotw topa 6T orcova]nors N-—-1 OTOLXELO( ™ € €xouv évwan UN 1E Tou
yedgpeton wg EEvn nenepacyévn évwor otolyelwy tne €. Oewpolue N ouvo)\oc E,
E,, ..., Ex € £ And v enaywywur unédeon undpyel Quotxds aptduds m xou
Eéva olvora Wy, € & dote U;-V;llEj = UL, W,. Emniéov undpyouv Eéva alvola
Z\(EN), Zy(Ey) e € wote E = Z,(Ey) U Zy(Ey). 'Etoy,

UN.E, = (UWk>UEN

k=1

(U W, N Z,(Ey) ) (U W, N Z, EN))> U Ey.

H évwon autr elvon nenepaouévn E€vn évwaon otolyeiwy g € ohoxAnpdvovtag To

emaywyixd Briuo.
INo to cupmAneduaTa TP, £0TwW OTL U;yzl € A pe 1o E; Eéva otouyela e €.

Ipénel va dellovpe 6Tt (U;V:IE]-)C € A. Opuc,

N ¢ N
(UEJ> ﬂ(Zl(Ej)Uzz(Ej))
=1

j=1
= | H{2, (B)N..nZ, (Ey) : ky,ky, ... Ky € {1,2}},
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Tou elvan TEmEPACUEVY) €vwaT Eévwy otolyeiwy tng €. I

1.3 Aoxnoeig

(i) Amodeilte 6T wa dhyefpa A mou elvan xhetoth otig aprdufowes adfouoeg
evdoele (Snhadh, av E; € A pe By C Ey C .., 161 URE; € A) eivan
amapaitnTa Xou o-dAyeBpa.

(ii) 'Eotw 6Tt n M elvon ot o-6hyePpa ye dnepo nAfdog otouyeinwy. Aeilte bt
(o) n M mepiéyet o dmetprn oaxohovda un xevedy EEvewv cUVOALY, OXOAOL-
Ydvtac to e€hc Brinarta, xaw ePapudlovtde Tar EVOANGE:

BApo 1 Acléte mpdta 61t av B € A t671€ 1) oixoyévela
Ag={ANB: Ac A}

elvau o-&hyeBpa oto clvolo B.

BAna 2 Acigte (pe anaywyh oto dtomo) 6Tl undpyel un xevé A € A
&ote n A éyel dnepo mAidoc otolyelwy mou eivan utosbvola Tou
X\ A
(B) n M eivou unepaprdufotpo cdvoro (card(M) > ¢ := card(R)). (Tno-
deiln: Avanapactiote to didotnua (0,1) oto duadixd chotnue opid-
unone xou Beeite wio éva mpog éva amewxévion and to (0,1) otnv A
xenotgonoudvtac to (a).)
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Mezpa

Opiop6c 2.0.1 Eotw dti o ovvodo X efvar epodiaouéro ue pa o-dAyefpa M.
Eva uérpo otov xdpo (X, M) elvar pua ovvdptnon p: M — [0, 00] dote

(i) u®) =0,
(i) av (E;)$2, axolovilia &évwr ouvélwr oty M téte p(UPPE;) = Z;)O w(E;).

H (ii) Aéyeton ((aprdpfoun npocdetixdTnTa)) oL CUVEREYETOL TNV TMETEQPUCUEVT]
npocdetixotnta Bdloviac E; = ) and xdnoto deixtn xou petd. To (X, M) Aéyeton
HETPHOWOG YWpoc xou 1 tedda (X, M, 1) ywpoc pétpou.

Av p(X) < oo 1o pétpo Aéyetan memepaopévo. Av X = UE), E; € M,
p(E;) < 0o Vj, 1o p Méyetu o-nenepacyévo. Av E = UE;, B, € M, p(E;) <
00 Vj, 10 E Aéyetar o-menepaouévo Yo to pétpo p. Télog, av VE € M e
u(E) = oo, té1e undpyer F € M pe F C E dote 0 < p(F) < 0o 10 p Méyeton
nuinenepacpévo (semifinite). Kéde o-nenepaocyévo elvon nuinencpacpévo, ahhd dev
loyletr To avtiotpogo. Yuvidwe ta pétpa elvan o-nemepacuéva. ‘Ooca dev elva,
€youv ouyvd nadoloyixr) CUUTERLPOET.

IMopadeiypato: (i) Eotw X # 0, M = P(X) xa f: X — [0,00] puat
ouvéptnon. H f opilel éva pétpo méve oty M we e&ic: u(E) = > o f(z).
To p elvon nurenepaouévo av xau pwévo av f(z) < oo Vo € X. To p eivan o-
TETEPACHEVO AV ol HOVO av TO i elvon nuuenepaocuévo xou to {z : f(z) > 0} elvou

aptiuroo

o Av f(z) =1V to p Myeta ((oprduntind pétpo)).

o Av f(z) =0 Vx # x5 xu f(zg) =1 t0 u Myetou pétpo Dirac oto .
(Xenowomnotolye ta (Sl ovopata xan yio T nepintwon omov M # P(X).)

(if) "Eotw X vrepaptduriowo xou M 1 o-dhyefpa Twv aptdufoiny xon ouvoptd-
photuwy utoouvorwy tou X. H anewdvion u(E) = 0 av E apidufiowo xou
w(E) =1 av E ouvopidufiowo elvar yétpo.

(iii) "Eotw X anewpoctvoro, M = P(X) xou u(E) = 0 av E nenepaopévo xou
w(E) = oo av E dnewpo. Téte 1o p elvon nenepacpéva Tpooetind u€tpo
oA byt péTpo.

Oedpnua 2.0.2 Eotw (X, M, p) xdpog pérpou.
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(i) (Movorovia) Av EJF € M ka1 E C F = p(E) < u(F).
(ii) (Tmompooletikdtnra) Av (E;)7° C M = p(UPE;) < 21 w(E;).

(iil) (Zuréyea and aprotepd) Av (E;)5° C M kar By C E, C .= p(UPE;) =
lim, . p(E,)

(iv) (Pwéyea ané de&id) Av (E;)° C M ka1 By O Ey D ... ka1 p(E,) < oo
yia kdmowo n = p(N°E;) = hmj_>oo p(E;).

Anodeldn: (i) p(F) = p(E) + u(F\ E) > p(E).

(ii) Fy = By, F}, = B\ (USZ1E)), VE > 1. Ta Fy, etvos Eéva xon UL F; = UTE;.
Aré o (i)

1 (U Ej) =4 (U Fj) =Y u(E) <D p(Ey)
1 1 1 1
(ili) ©érouue E, = 0. "Exoupe

;L(@E]) = M(Q(Ej\Ej ) qu \E;_

1

= nlggozlzu(Ej\Ej _JLIgo'u(L_JE\E )

- e (s)

= lim u(E,).
(iv) ©étoupe F; = E,\ E}, yio xdde j > n. Onéte F,, . CF, 5 C ..., M(E )=
p(F;) —i—,u(E ), Vj > n o U2, Fy = E, \ (ﬂ;ol ) Onére and o (iii)
éyouye

j—oo j—oo

W(E,) = u(ﬁ EJ) + lim p(F)) = u(ﬁ EJ) + lim (u(E,) — p(E;)).

Enedi pu(E,) < oo €youpe

l'[ocpoc-cv']p'qc'q 2.0.3 H ouvdinn p(E,) < oo eivar anapaitntn (yio nopdderypa

Optop6g 2.0.4 Av E € M ka1 u(E) = 0. Tére to E Aéyetar undevikd ovvodo.
Eotw 6n1 pa mpdtaon wyver yia 6Aa ta x € X, ektds ané ta ¢ o€ éva ovvoro
uérpov undév. Tote Aéue én1 n mpdraon 1wy Vel oxedbdy ravov (ov.n.) 1) ((oxebdy
yue kdOe x)).
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Av p(E) =0 xu F C E t6te and 1 povotovia Tou p éyovue 6t u(F) =0,
epboov BéBara F € M (m.y. av M = {0, X}), awtd propel vo unv eivar cwotd).

Opiopoc 2.0.5 Eva pérpo Aéyetar mAnpes, av to medio opiopol tov mepiéyer
6Aa ta vmoovvoda twv undevikdy ouvélwy.

Oedpenua 2.0.6 Eotw (X, M,u) xdpos uétpov, N = {N € M : u(N) = 0}
ket M = {EUF : E€ M xat F C N yu kinoo N € N}. Tére n M eivar
o-dAyeBpa ka1 vndpyer povadikry enéktaon fi tov p otny M, émov i mAnpes. To
i Ayetar mAfpwon tov p ka1 n M mArpwon tng M.

Ano6dedn: Ou M xou NV elvan xhelotég oTic apriuriolues evaoele, dpa to (Blo
1oy Ve xou Y ™y M. Av EUF € M xou F C N, u(N) = 0, E € M, unopolye va
unodéoouue 6Tt ENN = () (ehhide avtixadiotolpe 1o FN pe ta F\ E, N\ E).
‘Etot EUF = (EUN)N(N°UF)= (EUF)*=(EUN)*U(N\ F). Opouc
(EUN)* € M xu N\ F C N, oo (EUF)® € M. Apo 1 M eivon o-dhyeBpa.
©étovue (EUF) = pu(E). Auté eivon xahd oployévo, dibtiav E; UF, = E;UF,
(F; €S N € N) = E; C E,UF,, onote u(E)) < p(Ey) + p(Ny) = p(Ey).
Opolwc u(Ey) < p(E), dea p(Ey) = p(Ey)= p(E) UF)) = i(Ey U F). Edxoha

BAémer xavelc 6Tl To 1 elvon mARpec pétpo oty M xou 1 povadixy) EMEXTACT, TOU
nom M. I

2.1 EwTepuxd pEtpa

Ta efwtepd pétpa elvan éva epyoleio HE TO OTOIO UTOPOUKUE VO XATACHEUE-
COUUE PETEAL.

Opiopodg 2.1.1 M owvdptnon p* : P(X) — [0,00] Aéyetar ewtepind puérpo
av

(i) w1 (@) =0,
(i) Av AC B = u*(A) < u*(B),
(iii) pr (U324 4;) < Z;il p*(A;).

H ovopaoio ((eZwtepind pétpo)) mpoxUTTEL ond TOV TPOTO XATATKEUHE TOUC.
pcdto opile xaveic éva eibog ((npdTumouv-pétpou)) oe wa owxoyévew € C P(X).
Mertd npooeyyilet umosivoha tov X ((and €Ew)), ue aprdurfoiues EVOoES oTOoL-
¥elwv tou .

Ipétacn 2.1.2 Eotww € C P(X) kar p : € — [0,00] dote ) € &, X € & rkar
p(0) = 0. INa ke A C X optlovue

p(A) = inf{Zp(Ej) tE; €&k AC UEJ}.
1 1

To p* elvar eEwtepikd pézpo.

Amodedn: Pavepd agod X € & xdlde A C X xahlnteton and oToiyeia Tou
€. Apa o oplopde tou p* elvan xahoe. Pavepd p*(B) = 0 (Bdlovue E; = 0 V7).
Eniong, av A C B = p*(A) < p*(B) (ta xahbppata tou B eivon xon xohOpporta
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tou A). 'Eotw topa 4; C X xa éotw € > 0, E(E;“),;“;l tA; C Uz‘ilEJ’? xal
21?;1 p(EJk) <pr(A;) +e27  AvA=UZ A= AC U}’fk:lEJ’-“ o

pr(UPA) = pr(A) <) p(EY)
7,k

I
[M]8

(S < S (4,) +2279)

k=1

<
Il
—

I
M8
t*

(4;) +e.

<.
Il
_

Opiopoc 2.1.3 Forww p* ewtepikd pérpo oto X. To A C X Aéyetar p*-
uetpnoiuo av VE C X

p(E) =p (ENA)+p (EnNA°).

Davepd, n p*(E) < p*(ENA)+p*(ENA°) woyde and tny utonpocdetixdtnto
Tou p*, v xdde E, yia xdde A. Apa, yio va dei&oupe dti to A elvon p*-petpnoo,
apxel va det€oupe ot p*(E) > p*(ENA) + p*(EN A°), VE, pe p*(E) < oo (Y
W (E) = oo elvan npogavic).

Oesvpnpa 2.1.4 (To Oewpnpa tov Kapadeodwer) FEotw u* eEwtepixd

uétpo oto X kar M n ovddoyr) AAwv twv p*-uetprioiuwy vroovwidwy touv X.
Téte

(i) HM elvar o-dAyefpa.
(ii) To p* mepiopiopévo atny M eivar mAApeg pérpo.

AnédeEn: H M elvar xhetot ota cupnAnpdpata yotl o oplopos twv p*-
HETPHOWOVY Elval GUPPETEIXOS w¢ Tpog A xou A°. Av A, B e M xou E C X, ané
TNV UTOTROGVETIXOTNTA £YOUUE

pr(E) = p(ENA)+up(ENA9
= w(ENANB)+pu*(ENAN B
+u*(ENA°NB)+ p*(ENA°N B°)
> w*(ENANB)U(ENANB)U(ENA°NB))
+u*(EN (AU B))
> w(EN(AUB))+ p (EN(AUB)).

Apa AU B € M, onote n M elvan dhyefpo. EmnAéov, to p* elvan memepaouéva
npocdetixd, détL av A, B € M xou AN B =0, téte

p (AU B) = p*((AUB) N A) +p*((AU B) N A°) = p*(A) + p*(B).

T var Set&ovpe 6t n M elvon o-dhyeBpa, opxel va deilouue 6T eivon xheloty
otic oprdpfoes Eévee evioeic. ‘Eotw (4;)52; axoloudia Eévwv ouvéhwy tng
M. ©érovue B, = U7 1 A; xu B=U32 A;. 'BEotw E C X, t6te
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W(ENB,) = w((ENB,)NA,)+p (ENB,)N AS)
= M*(EﬁAn)+/,L*(EmBn71),

agol A, Eeva pe ta Ay, Yo j < m, ondte A; C A7 v xdde j < n. Me enayoyi
W(ENB,) =" i (ENA,). Apa
p(E)=p(ENB,)+p(ENB;) > ) w(ENA)+p(ENB°).

J=1

Agrvovtag to n — 0o éyoupe

NgE

' (B) W (EN A+ (BN B)

(%

*

ENB) + u*(EN B°)
).

Apa B € M xou n M eivon o-8hyeBpa. Oétovtag E = B éyouue

1A = (G Aj> =S4y,

dnhadr| To p* elvon aprdpriowa tpocdetind oty M. To p* |, elvan TAfpec pétpo,
vt av p*(4) =0, EC X,

*

—_~ o~ =

\YANIY
S|

T T

W(B) =Y w(BNA,) =

Jj=1 J

o

Il
-

pr(E) <p (ENA)+p (ENA°) =p(ENA°) < p(E).

Apa Ae M. I
To Oedbpnua tou Kapadeodwpen yac emitpénet va enextelvouye uétpa optopéva
oe dAyefpee, oe pétpa oc o-dhyePpeq.

Opwopoég 2.1.5 Ay A C P(X) elvar dAyeBpa, e ovvdptnon p: A — [0,00]
Aéyetar mpouétpo av

(i) @) =0,
(ii) ya &éva A; € A, av UPA; € A téte p(UPA;) = Z:O w(4;)

"Eva npopétpo dev elvon axdpa Yétpo yati ) A umopel va uny elvar o-diyeBpa.
"Eva npopétpo p oe wa dhyepa A C P(X), dlvel éva eZwtepind pétpo, to

(2.1) w(E) = inf{iu(Aj) tA;j € Axu EC GAJ}.
1 1

Ieo6taon 2.1.6 Av pu mpouérpo otny A kar u* dnws otny (2.1), téte
(i) w* |4= p-

(if) KdOe A € A elvar p*-petprouo.
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AnodeEn: (i) Av E € A Ya deifovye 6t u(E) = p*(E). Pavepd, u(E) >
w(E), vt détovtac A} = E € A xu A; = 0, Vj > 2, woxber E C U4,
o p*(E) < ch)o w(A;) = p(E). Avtiotpogoug, éotw A; € A ye B C UPA,.
Ou del€oupe 6Tt Zcfo w(A;) > p(E), ondte moipvovrac infimum Yo npoxddet
p*(E) > u(E). Enedn n A elvon dhyefpo, ta obvora B, = EN (A, \ (U}Z]'4)))
elvar otouyeio ne. Enlong ta B, elvou Eéva xan 1 évwon toug eivon to E, agpot
E C U‘I’OAJ-. Anhadf) E = UPB,, xau dpa U®B,, € A. 'Etol and tov oplopd tou
npopérpou w(E) = 321" u(B;) < 37 u(4;).

(ii) 'Eotw A € Axa E C X. 'Eotww e > 0 xou (B))52; C A, ye B C UX, B;
ot Z(l)o p(B;) < p*(E) + e. Xpnowonoihviag 10 6Tt 10 p eivor Tpopétpo
otn oyéon (2.2) napoxdtw, €xouyue

wE) e 2 D u(B)

w(B;NA) + p(B;N A°)

=
=

p(B;NA) + p*(B; N A°)

p* (LIJB]ﬂA> + (@Bijc>

> (ENA)+ p*(EN A°).

3
3

IV

Avth oylel i xdde € > 0, dpa to A elvan p*-yetpriowo. I

Oepnua 2.1.7 Eotw A C P(X) dryeBpa, p mpouérpo otnv A kar M n
o-dAyeBpa mov mapdyetar and Ty A.

(i) Trdpxer pérpo p otn M mov i | 4= p. Xvykexpiuéva, i = p* |5, dnov to
w* opilerar and Ty (2.1).

(ii) Av v éva dAdo téroio uétpo otn M tiéte v(E) < u(E), yia dka ta E € M.
Ioyver n 1w0étnTa drav p(E) < oo.

(ili) Av p o-menepaouévo, Téte to | €fvar n povadiky eméktaon Tou p o€ éva
uétpo otn M.

An68eldn: To (i) npoxdntel auéowe and 1o Oedpnuo Tov Kopadeodwer| xou
v Ipdtaon 2.1.6, Subti 1 o-dhyePpa TV p*-petpiony tepLéyel TV A, dpo xou
m M.

(i) Av E € M, E CUXA;, A; € A Apo v(E) < ZTO v(4;) = ZTOM(AJ-).
IMoipvovtag mﬁmum exoups 6t v(E) < p(E). Hopatnpodue 6t av A =
U221 4;, €xoupe

v(A) = lim v(Uj_;A;) = lim u(Uj_;A;) = p(A).

n—0o0 n—oo
Apa av p(E) < oo dehéyoupe ta A, wote i(A) < i(E) + € ondte p(AN\
E) < e. "Etot éyoupe

fi(E) fi(A) = = V(AN E) +v(AN E°)

INIA
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Aol woylel Ve > 0, éyouvye 6t p(E) = v(E).

(i) Av X = U°A; pe pu(4;) < oo, t61e, Ywplc BAIBN Te YevixdtnTag, propolye
va unodecoupe 6Tl T A elvan Eeva. Omnéte yia xdde E € M, €youpe

e

ip ENA;) o ST uENA) =v(B),

1

=

Gpa ft = v. I

Aoxnoeig

i Avu,...,u étpa otoV YETEPROWO YWeo (X, M) xou aq,...,a, € [0,00),
1 n METP H priowo Y&p 1 n

té1e T0 E _, a;jp; gbvon pétpo tov (X, M).

ii) Av (X, M, u) eivon yopog pétpov xou {E.}2, C M, té1e
XWPOC HETE jf5=1

(o) p(liminf E;) <liminfpu(E;)

) Av p(U524 E;) < oo 16t p(limsup E;) > limsup u(E
J=1"7

;). Trevdouon:
limsup E; = N52, UX,, E; xou lim infEJ =Upl N2, E

(iii) Av (X, M, p) eivon yodpoc pétpov xou E, F € M téte

u(E) +p(F) = w(EUF)+p(ENF).

(iv) "Eotw 6t o (X, M, u) elvar ydpoc pétpou xau E € M. Opilovpe tnyv anet-
xévion pg : M — [0,00] $étovtac pg(A) = p(E N A) yia xédde A € M.
Ael&te 611 t0 pg eivon pétpo.

(v) "Eotw 61t to p* elvou éva e€wtepind pétpo oto civoho X mou opileton ye
BoRdeia wog o-dhyeBpoac M oto X. Anodellte 6t yio xdde E C X oylel

p*(E) =inf{u(B) : Be M, xu E C B}.

(vi) "Eotw 6t 1o p* elvon éva e€wtepixd pétpo oto odvoho X mou mopdyeton
omd éva tpopéteo xa u*(X) < 0o. Av E C X opiloupe 10 €0wtepikd 1étpo
tou E va elvon 0 tooétra w1, (E) = p*(X) — p*(E°). Me m BoRdewa e
TpoNYoLUEVNG doxnong, dellte bt To E elvon p*-yetprioo av xou wévo av
w(E) = p.(E).

(vii) 'Ectw 6T n A elvar 1 cUMNOYY T0V TETERPUOUEVRY EVOCEWY GUVOAWY NG
poppic (a,b]NQ (—oo < a < b < 00). Aci&te 611
(o) n A etvan dhyeBpa oto Q.
(B") H ov-dhyeBpa nou napdyeton and v A eivar n P(Q).

(v) Opiloupue 10 p oty A pe u(0) = 0 xou pu(A) = oo yio x&de A # 0.
Téte o p elvan mpouétpo oty A xou LTdEYOLY TOLUAdYLoTOVY BVO PéTpa
oy P(Q) twv onoiwv o neploptopds oty A eivar o .
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2.2 Meérpa Borel oto R

H o-d\yeBpa By twv Borel utocuvéiwy tou R elvan 1) o-dhyePpa mou napdyetan
and To Mavolytd daothpata tou R, dnhadd Swothuate tne popphc (a,b] %
(a,00) 4 0.

‘Botw F : R = R abéouca cuvdptnon, ondte €yel mhevpixd bplo oe xdde
onueto:

F(a%) = lim F(z)= inf F(z),

z—at >
Fla™) = mlggﬁ F(z) = Sl<lp F(x).

Eniong ta F'(00) = sup, g F(z) xou F(—o0) = inf, g F'(x) undpyouv oto R U
{#oo}. H F eivan and delid ouveyhic av F(a) = F(a™).

IMpétaon 2.2.1 Eoww F : R — R adéovoa kar 6e&id auvvexris. Av ta (ay, by,
j=1,...,n, elva1 &va, Oérovue

K (0 (, bj]) = zn:(F(bj) — F(ay))

1

ka1 u(B) = 0. Tére to p efvar mpopérpo oty dAyefpa A twv nuavorytdy daotn-
pdtwv (6nAadn otny dAyefpa mov mapdyetar and daothipate Tng poperis (o, bl,
(a,00), 0).

An6dedn: To p eivon xahd oplopévo: av ta (a, b] = UT (ay, b;] xou ot (o, by
elvon Eéva, toTE YeTA (owe amd yia emovodidtoln TwV SACTNUATWY UTOPOVUUE Vo
unoBéooupe bl v =0y < by =0y < by =03 < bg=..<b, =b, ondte

S (F(by) — Flay) = F(5) — Fla)
1

. n m o , o
Tevoxdtepa, av (I;)i; xou (J;)7 elvon nenepacuéves axohoudiec E€vav nuavor-

XTov dotnudtwy pe UTT; = UT'J;, To mopandve Aéel 6Tt

n

S ult) =30 S w07 =3 uy).

"Etol to i elvan xoAd oplopévo xal TETEPAOUEVI TEOCVETING.

Mévet va dei€oupe ot av (1;)72, eivon oxorouvdia EEvev nuiavoly eV dlooTnud-

, oo ’ Z

TV UE Ui’o[j € /l téte M(L%E”Ij) =>, ,u,(Ij). Ta cUvola ™me A pridyvovTal pe
TETEPACUEVES EVOCELS, TOUEC XOU CUUTANOWUATA NULOVOLY TGOV Slaotnudtey. Enet-
01] Ol TEMEQUCUEVES TOUES NULOVOLY TAV SLUCTNUATWY Vol NULVOLYTO SLAGTNUOL ol
10 oupTAMpwpa EVOS NELaVOLY ToO BlaoTAUATOC Elvat Eveon 300 EEvwY NULAVOLY TGV
dlaoTnudTev, xdde otoiyelo e A eivon mEREPAOUEVY EVON EEVROV NULOVOLY TV
dotnudtwy. Apa agob UPI; € A o (Bio Yo toyber xau v auto. Enedn topa
T0 p1 elvon menepacuéva tpooVeTind apxel va urtodecoupe 6t to UTTI; elvan éva
nuavolyté didotnua I = (a, b]. Topa

o = () +u(10n) 2 (01) - Sty
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Apa
p(D) = ().
1

Avtiotpdgnc, ac unotécouue Tpdta 6Tt —oo < o < b < 00 xou éotw € > 0. Agod
F 8e&ud ouveyfic undpyer § > 0 : F(a+6) — F(a) < e. Av I; = (a;,b;], Vj
30; > 0 dote F(b;+6,) — F(b;) < €277, To avoiytd doothuara (a;, b+ 6;) xa-
Momtouv To cuurnayéc oOvolo [a + d,b], ondte undpyel TEREPACUEVO UTOXEAUPUAL.
Awrypdgovtac 6oa (a;, b + 5]») TEpLEYOVTAL OE €Val GAAO TETOLO GUVOAO, UTOPOVUE

v UTOUEGOLPE OTL Y
(i) o (aq,by +907), ..., (ap, by + 05) xahOnTouv t0 [ + 6, b,
(i) o <y <... < ay,
(iii) b; +6; € (aj1, 0501 +08;41), Y j=1,...,N— 1L

Tépa, yenowononvtac otny (2.3) napaxdtw 6T by + 6y > b, o < o+ xu F
avEouoa, €youpe

n(l)

p((a+6,8]) + p((e, a + 6])
Fb)—F(a+46)+e
F(by+dy)—F(ay)+e

INIA

(2.3)

2

F(by +dy) — Flay) +

(]

(Flaj) — F(a;) +e

2)—‘

< F(by +dy) — Flay) +

-]

(F(b; +0;) — F(ay)) +¢
(F'(b; +0;) — F(a;)) +¢
(F'(b;) + €277 — F(a;)) +e

p(l;) + 2e.

= -J= -[=

Apa N
p(I) <> ().
1

Av o = —00 10 idlo emuyelpnua diver F(b) — F(—M) < ETO w(l;) +2e, VM < oo.
Av b = o0 téte F(M) — F(a) < ZTO p(1;) + 2¢. Onéte ohoxhnpdvouvue TNV
an6deldn agprivovtog to € — 0 xou o M — oo. I

Oeswpnua 2.2.2 Ay F : R — R atéovoa ka1 6e&id ouvexris ouvvdptnon tite
undpyer akpifds éva pp otny By, dote pp((a,b]) = F(b) — F(a), yua kdle
a,b € R. Ay G wa dAAn téroia ouvvdptnon tote pup = pa < F — G = otadepd.
Avniotpépws, av | etvar éva uétpo otny By memepacuévo oe kdOe gpayuévo
Borel agivvolo, téte opilovue

F(z) = p((0,z]) av x>0, F(0)=0, F(z)=—p((z,0]) arz <0,
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ka1 avt) n F' elvar avéovoa, deid ovvexns kar = pp.

Anodedn: Kdde tétowa F opiletl éva mpouétpo otny dhyeBpa A twv nuiovor-
XTOV SlaoTndtwy and Ty Tponyoluevn tpdtacn. Pavepd ol F xouw G opilouv To
(8io mpouétpo av xou wévo av F'— G otodepd xou ta tpopétpa elval o-nenepacuéva
agoV R = U2 (4,7 + 1]. Apa T dvo mpidtar TpoxvnTouy and 1o Oedpnua 2.1.7

T tov tekaurwo LoYUPLoWo, 1 wovotovia Tou f GUVERdyeTow OTL 1 F' elvan
avEouca. H cuvéyeia and delid tou p (dec Jempnuo 2.0.2 (iv)) cuverdyeton 6T 1
F elvou 8e&id ouveyrc. Pavepd p = pp oty A. Onéte p = pp oty By, and
povadixdtnTa Tou Bewpruatog 2.1.7 I

IMapathenon 2.2.3 Oa unopolooye va elyoue YENOUOTOACEL SLUCTARATA TNG
woppic [, b) xon aplotepd cuveyelc cuvapThoels.

IMopathenon 2.2.4 Av p nenepacpévo pétpo oty By, 10t€ 4 = pp 61OV
F(z) = p((—o00,2]).

IMopathenon 2.2.5 H F Ayetonw ouvdptnon xatovouhc touv p (cumulative
distribution function).

IMapathenon 2.2.6 H Jewpia mov avartdydnxe uéypl xa to Oemdenuo 2.1.7
yio xdde adEovoa, de€id cuveyn cuvdptnon F divel éva mAvpec uétpo iy Ue medlo
oplopol cuvidwe weyohitepo e By. LNy mpaypauxdtnTa 10 [ elvan 1 TAh-
PWON ToU pp. Autd to TApes uétpo Vo To ypdgpouye AL 1y o Yo to Mépe ((to
Lebesgue-Stieltjes yétpo tne F)).

"BEotw F abdfovoa xou de€id cuveyic ouvdptnon xou i to mAnpec Lebesgue-
Stieltjes yétpo tne F ye medio opiopol to M. ‘Etol VE € M

wE) = inf{i(F(bj) — Flay)): EC G(%ba‘]}

= mf{zﬂ Qg J [j(aj’bj]}'

AAppo 2.2.7 Ta kdle E € M,

= inf{iu((aj,bj)) :EC [j(ozj,bj)}.

1

Ano6dein: ‘Eoto v(E) = inf{} ] u((a;,b;)) : E C U (ay,b;)}. ’Eom)lj:
by — oy wn Iy = (bj—l 21—k b —1;27 ] vie k € N. "Eneto (o, b;) = U2 L,

. o , ) .
onote B C UFS_; 1, xou ensLSn o (Ijk)k elvou Eéva,

oo 00
ZN( ]’] Zlu’ gk >N )
1

7,k=1

Apa v(E) > p(E). Avtiotpdpue, av € > 0, undpyet oxohovdia Siotnudtwmy
{( ]7 j]}(fo ue E C Ul ( g) ]] o El (( g? j]) < #(E) + € xou V] 36] > 0:
F(b+6;) — F(b) <e277. 'Etot E C U (e, b; + 6;) xau

o0

Zu ((aj,b; +9;)) Z a;,b;]) + ¢ < p(E) + 2.
T T
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Apa v(E) < u(E). I
Oeswpnua 2.2.8 Ay E € M, tdre

p(E) = inf{u(U):U D E,U avoiytd} (eEwtepikh kavovikdtnta),
= sup{u(K): K C E,K ouurayést (eowtepikrj kavovikdtnra).

Am6deEn: Av U avouyté pe U D E téte u(U) > p(E). To U eivar aptdunh-
inf{p(U) : U 2 E,U avouytd}

owun évwon dotnudtwey (a,b.), dpa
:inf{,u (U aj,b; ) EC (aj,bj)}
—1 j=1

< inf{z,u((aj,bj)) B C U?il("’j’bj)} = pu(E).

(s

It Bebtepn todTa, éotw E cppowpévo AvE = E 1t E OUPTaYEC.
Ané v npwTn wootnTa Yo xdde € > 0 undpyer avouyté U wote U 2 E\ E:
wU) < W(ENE) +¢e ©étw K = E\U. To K eivar ouunayéc wc xheiotd
unocvoho cupnayols, K C E xou

(24) w(K) = wE)-uwENU)
u(E) = [p(U) = p(UN\ E)]
> u(E) = pU) +u(E\E)
> w(E)—e,

6mov oty (2.4) yenowonowolue 6t ta K,ENU eivan Eévaxon K U(ENU) =E
Av E dev eivon gpaypévo, détovye E; = E N (j,j+ 1]. And to mponyoluevo
Ve > 0, undpyer ovunayéc K; C E;: w(K;) > p(E;) —e277. 'BEotww H, = U" K.
To H,, elvar ouurnayéc utocOvoro touv E xau

n

WH) = pU ) = Y uK,)
(25) >3 () — e29) 2 p(Up_, ) — 2.

Agob p(E) = lim,,_,  p(U", E.) undpyel ng € N dote yio xdde n € N e n > ng

—ntj

vou oy et (U J__nEJ) > u(E) — e ondte n (2.5) yivetow p(H,) > p(E) — 3¢, xou

TO AMOTEAEOUA EMETOL. I
Oeswpnua 2.2.9 Ay E C R, wa endueva efvar w0odvapa:

(i) Ee M.

(i) E=V \ N, énovV elvar G5 ovoro kar u(N;) = 0.

(ili) E = HUN, énov H eivar F,, ovtvoro kar u(Ny) = 0.
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AmodeEm: Aol to p elvan TAfpee, (ii)=(i) o (ili)=(i). 'Ectw E € M xou
E cppoo{psvo Ané to mponyoluevo, Vj € N, 3 U; 2 E D K, ye U; avoryté xou
K CUMUTIOYEC TETOLO WOTE:

w(U;) =279 < p(B) < p(K;) +277.

‘Eoto V = N52,U;, H = U2, K. Téte pu(V) = p(E) = p(H) < oo, onéte
w(VNE)=u(E\ H)=0. ’Apoc (i ) (if) xou (i)=-(iii), étav E @poyuévo. Av 1o

E Bev eivan @poryuévo, n anddelln agphivetar we doxnon.
I

IlpbTaom 2.2.10 Av p(E) < oo, tdte ya kdde € > 0 vndpye éva ovvolo A
Tou elvar menepaopérvn évwon avorytdy duotnudtwy dote p(EAA) < e.

H onédeln agpriveton wg doxnon.

2.3 To yeézpo Lebesgue

To pétpo Lebesgue eivon to mAfpec uétpo pp pe F(z) = x xou Yo T0 ouy-
BohiCoupe pe m. Ta Lebesgue yetprowa obvoha Yo ta cuyBoAilouvye pe L. Tov
epLoplopd m|g, Yo Tov Mépe méh pétpo Lebesgue.

Oesvpenue 2.3.1 Av ECR kars,r € R, éotwo E+s={z+s:z € E} ka1
rE={rz:z€E}. AvE€ L t6tce E+s, rE € £ Vs,Vr kat m(E + s) = m(E)
kar m(rE) = |r|m(E).

ATmodedn: VE € By opilvy my(E) = m(E + s) xu m"(E) = m(rE). Ta
mg xou m” tovtilovton pe T m xou |r| m avtioTolya oTIC TENEPACUEVES EVMOELS
SlaoTnudTey xou dea xou otny By and 1o Oewpnua 2.1.7 Eniong av E € By
xow m(E) = 0 t6tce m(E + s) = m(rE) = 0. 'Ercton 61 n £ Sotnpeiton pe
HeTapopés xou TolamAactacpole, (and o Oewpnua 2.2.9), xau m(E+s) = m(E),

m(rE) = |r|m(E). I
IIpotaom 2.3.2 Eoww C o ovvoro Cantor
(i) To C etvar ovunayés.

(ii) Av z,y € C ka1 z < y, vndpyer z ¢ C: x < z < y ondre o C efvar ohikd
un ouvvektiké kair movlevd mukyo.

(ili) To C bev éyer puepovwpéva onueta.
(iv) m(C) =
(v) card(C)= c.

Ano6dedn: (i) pogavée, yiati to C elvan TouR XAELOTHOV UTOCUVOAWY TOU
[0,1].

(ii) ITpogovée, av Ta T Xou Y JAPEPOLY YL TEWTY Yopd GTOV k 6p0 YETE TNV
uTodlaoTOM, oy (x) = 0 xon o (y) = 2. Oétoupe 2

{ a,(z), avnk

o (2) = 1, avn = k.
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(iii) Av I € C pepovopévo Je > 0: (zg —€,79 +€) N C = {z4}. 'Eoto x5 =
Z] ;377 a; € {0,2}. Beloxoupe n tétowo Gote : 3x < &. Oétw y =
Z] (0377, brov by =, ViFn+1xonb, =0av e, =2,b,, =2
avanH—O Totsy#xo,yeC

1

o 1
Y2y 1o I <
Jn+13 o 3

Wl

t0 ornolo eivon dromo.

> 97 1 1

(v) Ve e C,z = Z:O a;379. Opllw f(x) = Zio b;279. Tote by =0 av a; =0
xub; =1ava;=2 H feivu 1-1 xou eni: C — [0,1]. I

H f etvon ad€ovoa, diétiav z < y t61e f(x) < f(y), extodc av ta z, y elvon dxpo
apaEolPEVOL BlaoTHaToc. Ye auth ) tepintwon f(x) = p27F yio xdmota p, k xou
ta f(x), f(y) eivon ot dVo avanapactdoeic Tou Blou aptdpol otn Bdon 2, dea n f
elvon ad€ouca. ‘Etol v f enexteiveton oe 6ho to [0, 1]. Oétovtag tnv otadepr] ota
dloo Aot OV apanpolvTaL UE T (on ue auth ota dxpo. Apa f : [0,1] — [0,1]
av&ouoa xau enl. Apa 1 f Bev €xel dApata, cuvendg elvan ouveyhc. H f Aéyetan
ouvdptnon Cantor 7 Cantor-Lebesgue.

IIpétaon 2.3.3 £ + By.

Anbdedn: card(L) =card(P(R)) > ¢ agol xdde vrnocivoro tou C eivou
L-petpriowo. Opnc card(Bg) = c. I

Aoxnoeig

(i) Av p(E) < oo téte v xdde € > 0 undpyel chvoho A mou elvon TETEPUCUEVT,
EVeon avoly TV dootnudtey wote u(E 4 A) < e.

(ii) 'Eotw 6T n ouvdpon F : R — R elvaw adZouvoa xan 8e€id ouveynic, xau
€0Tw pg To enaybpevo pétpo. Tote
(«) pp({a}) = F(a) — F(a7)

®) ppa b)) = FO7) = Fa)

(¥) wr(le,0]) = F(b) — Fa)

(&) np((a,)) = F(b7) — Fla).

(iif) AvE € Lxoum(E) > 0, tote yia xdde 0 < a < 1 undpyer avoryté Sidotnua
I dote m(ENI)>am(]).

(iv) Av E € £ xau m(E) > 0, t61t€ 10 cOvoho E—FE = {z —y : z,y € E}
nepiéyel éva didotnua e popehc (—4,4) yio xatdhAnho 6 > 0.






Kegpdhowo 3

MeTenOLLEG CLUVAETNOCELS
KO ONOHANP WL

3.1 MeTpHOLES CUVARTNOELS

Av f: X =Y xu N o-dhveBpa otov Y, t61e 10 {f1(A) : A € N} v
o-dhyefea otov X. H f: (X, M) — (Y, N) Aéyetan perprioiun ovvdptnon av
FUE)e M VE € N.

IMeo6toon 3.1.1 Av N = M(E) wre n f efvar perpoun av kar pdvo av
FYUE) € M ya kd0e E € &.

AnédeEn: (=) Aol 1 f elvan petpRown, t6te fH(E) € M v xdde
E e N, dpa xou yoo xdde E € £ CN.

(<) Apxel va deifoupe 6Tt {E CY : f1(E) € M} D N.Opwc {E CY :
FUE) € M} D & xou elvor o-dhyePea, dpo {ECY : fYE) € M} D M(E) D
N.

IMépiopa 3.1.2 Ay XY petpikol 1j tonodoyikol xdpor kdde f: X —Y ouve-
x1s, etvar (B, By)-petprionun.

Opiop6g 3.1.3 H f: (X, M) — R 1§ C Aéyetar uetprionun av etvar (M, By)
i (M, Be)-petprioun. Ebikd n f : R — R Aépetar Lebesgue petpriomun av
etvar (£, By )-petprioun. Pavepd n f o g dev elvar L-uetprioun yati Ga npérer
w0 g H(E) va eftvar oty By kar d oty £. Av Suws mepopiotolie oe Borel
HeTprioies Tote n olvleon elvar petprjoun.

Ieétaon 3.1.4 H f: X — R etvart M-uerprionun < f1((a,0)) € M Va €
R, av ka1 uévo av f~1([a,00)) € M Va € R & f1(—0c0,a) € M Va € R
< f1((—0,a]) € M Ya € R.

T A € M, n f]a4 Myetow petpfiown oto A av fHE)N A € M v xéde
Borel E. Ioob0vopa 1 f| 4 elvon M 4 petpriown, émou M, ={BNA: Be M}.
Av X éva advoho xau {(Yy,, N o) aca W0 0XOYEVELL UETPHOWWY XOPWY XoU
fo + X = Y, elvaw po anewdvion Va € A, téte undpyer eNdytotn o-dhyeBpa
otov X ¢ mpog TNy onola 6Aeg ov f,, eivon petpoweg, dnhadt 1 o-diyelpa Tou
nopdyeton and 6ha ta f, 1 (E,) VE, € N, Va € A. Auth 1 o-dhyePea Méyeton 1
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o-GhyeBpa mou mopdyeton amd Tie f. Av X =[] _, Y, t6te n o-dhyefpa yivéuevo
onwe ) yvopilouvpe eivon auth mou napdyeton and T npoforéc m, : X =Y.

IIpdtaon 3.1.5 Eotw (X, M) ka1 (Y,,N,), a € A, uetprioipor xipor. Y =
[HocaYe: NV =®aeaNg, mo : Y = Y, o1 mpoforés. Téte f: X — Y ebvar
(M, N)-perprioun av ka1 uévo av n f, = w, o f etvar (M, N )-perprioun Va.
Anodedn: Av f uetpown tote 1 f, elvon yetpriown we obvdeon uetpnh-
owwy. Avtiotpoga, av xdde f, elvar yetpriown téte VE, € N, éxouue 6TL
(@ N(E)) = f,Y(E,) € M. Onéte n f elvon petphown and tny Hpbtaon
I

3.1.1

ITépiopa 3.1.6 f : X — C etvar M-petprionun < o1 Rf ka1 If elvar M-
UETPRoIUES.

AnddeEn: Autd mpoxintel and 10 B = By = By @ By. I

ITpdbtaon 3.1.7 Av f,g: X — C elvar M -petprioues to 1610 1w0xver kar yia tig
f+g ka fg.

Anédeln: Eoctw F: X 2 CxC,p:CxC —+Cxuyp:CxC—C
ue F = (f:g)a (P(CL',Z./) =z+y, 1/’(%2/) = Ty. A(POL’) B(CXC = BC®BC n F
elvow (M, By o )-petpfiowun, and v Ipbdtoon 3.1.5. Ov ¢ xon ¥ eivan (B, Be)-
uetproweg, and to Ilépiopa 3.1.6. Enedf f + g = @ o F xou fg = ¥ o F elvau
M-yetproeg. I

Tuyvd BleuxohOvel Vo ypnolwonoticoue 10 R = [—00,00] 6mou opiloupe
Bz ={E CR: ENR € By} Eivar 10 {Blo ye 10 v opicouvye v Borel
o-6hyeBpa oto R pe petpwh| p(z,y) = |Az — Ay| 6mou Az = arctanz. H By
napdyeton amd tic nuevdeiec (o, 00] R [~00,a), @ € R xaw 1 f : X — R eivon
M-petpriown av elvon (M, By)-uetpriown.

IMpétaon 3.1.8 Ay f; axodovlia petprioiuwy ovvaptioewy otov (X, M) pe

Tués oro R, tdte o1 ovvaptijoeg

91(z) =sup f;(z),  go(z) = inf fi(@),
J
gs3(z) = limsup fj(x)a gu(z) = 1iminffj(fv)
j—oo j—roo
efvar dles perpoues. Av lim; . fi(z) vrdpya Vo € X, tdre éyoupe du n
f(z) =lim; . f;(z) etvar petprionun.

Anddedn: 'Eyoupe 6t
g1 (e, 00]) = U 7 (@, 00]) o g5 ([ =00, @) = UF° f57 ([ =00, )),

OTOTE Ol g1 XU gy ElVOL UETPROWES. BLVEN®E eivan petpAowes xou o hy(z) =
sup;;, f;(z) dpat elvan petpriown xou 1 g3 = infy> hy,. Opolwg xou 1 g4 Tehog av
n f(x) undpyel Vo € X téte f = g3 = g4, ondte 1 f elvan yetpriown. I

IMépopax 3.1.9 Av f,g: X — R petpioues tére or max{f, g} xar min{f, g}
€lval PeTprioues.
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ITépiopa 3.1.10 Av f; axodovlia petpriopwy ovvaptijoewy ue tpés oo C
kar to f(z) =lim;_, f;(z) vndpxer ya kdOe x téte n f etvar petprionun.

Anodeidn: Xwpilouye ot mparyloTind xat QavtooTind pépog ot enavacuvyé-
Toupe. Ano to Ildplopa 3.1.6 To cuunépacyua €netol. I

Avo ypfolpes ouvapTthoels Yty f : X — R givos ot

F* (@) = max{f(z),0} > 0, f ()= max{—f(),0} > 0.

Dovepd f = fT — f7. H f elvon petpiown av xow pévo av ou f+ xou f~ elvon

HETPNOES.
Av f: X — C n nohuq avanopdotact elvon 1 oyéon

f=(sgnf)|f| 6mov sgn(z) = z/ |z|,Vz # 0 xou sgn(0) = 0.

H f elvou petpfowun av xou wévo av ot |f| xou sgnf eivar yetpriowes. (H z — |2
elvaw ouveyfc ondte 1 z — sgn(z) eivar ouveyrc oto C\{0}. Apa av U C C
avolyté, to sgn H(U) eivor elte avoiyté elte V U {0} pe V avouytd. e xdde
nepintwon eivan Borel petpriowo.)

Av (X, M) petpfowog xopoc xaw E C X, 1 yopoxtnploTinf| cuvdpetnon X g
tou E (f 1) opiletar e e€fc: xg(z) =1lavz € E, xg(z) =0 av z € E°. Pove-
ed N X g elvon petpriown av xar woévo av E € M. Mia amAn} cuvdptnorn otov X elvon
EVAC TETEPACUEVOS YROUUIXOG CUVDLUOUOS UE ULYadino0g CUVTENECTES, YOPUXTY-
PLOTIXWY CUVOPTACEWY GUVOAWY oty M. Ol anhéc cuvapTNoELS BEV EMITEETETOL
va €youv Tég 4-00. Ieodivapa f: X — C anhn av xou wévo av f uetprioun xou
range(f) nenepacpévo unoclvoho tou C. Ipdypatt av range(f) = {z1,...,2,},
¢otw E; = (f'({z}) onéte f = ZT ZjXE,- Avth n avanapdotoor xohelton
ocuviidng avanopdotacn < f. Avanoplotd Ty f wg Ypauwxd cuvdlaoud e dia-
xeXpWPEVOUC cuVTEAETTES EEVv uTooLVOAWY Ue évwor Tov X. Erniong, av f, g
anhéc téte ou f + g, fg elvon anhéc.

Ocedpenua 3.1.11 Eotw (X, M) petprioiuos xopos.

(i) Av f: X — [0,00] petprioun, vrdpyer akodovdia {p,} anAdv ouvvapti-
oewv, dote 0 < @1 < @y < - < f, 0, = [ katd onueio ka1 ¢, — f
opopoppa o€ kdBe avvolo oo omolo 1 f elvar ppayuévn.

(i) Av f: X — C perpriowun, vrdpxowr {p,} amAés, dore 0 < [p;] < |, <
< |fl, n — [ xatd onueio, kai ¢, — f opoduoppa o€ kdde ovrodo oo
omolo n f etvar ppayuévn.

AnédeiEn: (1) Avn € Nxouw 0 <k <22 — 1, éotw
Ef = fH (k27" (k+1)27"]) %o F,, = f~1((2", 00)),

xou opiloupe
22n—1

= D K27"xp +2°Xn,
k=0

EXéyyoupe topa 6Tl ¢, < @, 1 VLot OAOL TOL N: TOPATNEOVYE OTL

kE k+1 _ 2k 2k+1 2k+1 2k+2
7 (2n’ 9on ] f 1(2n+1’ on+1 }Uf (2n+1 » Ton+l

A B C
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,OW*)C <pn|A = k/2n = §0n+1|B nou Q0n+1|C = (2k + 1)/2n+1 > k/Qn = (pn|C’
OTEéTE Pn S Qon+1'

"Eotw tdpa t dote f(t) < 2™. Téte undpyel k wote f(t) € (27", (k+1)27"]
v xdmoto 0 < k < 22" —1. Yuvende to t avixel oto f~1(k27™, (k+1)27"] = EF,
on6te @, (t) = k27" Apa 0 < f(t) — @, (t) < 27™

(ii) Av f = g+ ih epappdloupe to (i) ywtic g, g, T, h™. I
ITpbtaon 3.1.12 Ay u mArpes, tdte

(i) av f perpowun kar f = g ov.n. téte n g elvar petprionun
(ii) av f,, pevprioun Vn kar f, — f ov.w. téte n f elvar perprioun.

Av o p Sev eivon TAfpee T (i) xon (i) elvon ev yéver Mdoc.
‘Opwg av xavele Eeydoel va ehéyéel v mAnpdtnTa Tou 1 e Yo odnyndel oe
oAU cofapd GPIAYATE GOUPWVO UE TNV TUPAXETL TEOTUOT).

IMeétaon 3.1.13 Eotw (X, M,u) xopos pétpov kai (X,M,[1) n mAijpwon
tov. Av f M-uezprionun otov X vrndpyer M -petpfioun g éote f = g ji-oxedoy

ravtov.

Anodelln: Av f = xp pe E € M civor gaveps, ondTe TpOXUTTEL Xt v
f M-petprhown omh. T 0 yevixd| nepintwon emhéyouue M-petprioyec anhéc
¢, = f xatd onuelo. T x&de n, éotw P, M-yetpfiown ankn ue ¥, = ¢,, oV.T.
extéc evée ouvéhou E, € M ye i(E,) = 0. 'Eotw N € M dote u(N) = 0 xau
N D UPE, xou Hétoupe g = lim 1, x ye. TOte N g elvan M-petpfiown xa g = f
oto N°€. I

Aoxnoeg

(i) Av f,, axorouvda petpriowwy cuvapticewy otov (X, M), 61 T0 chvoho
{z € X : 7o lim f,,(x) undpyet}, avhixel otnv M.

(i) Av f: X - Rsup{too} =: R xau f~1((r,00]) € M yia xdde r € Q té71e 1
f elvan petpnown.

(iii) To supremum piog LTEPAPLIUNOLING OLXOYEVELAC UETPTIOLY CUVAPTAOEWY
e tipée oto R xou nedio opiopol tov (X, M) Sev eivon anapoitnta petpriown
cuvdptnon.

(iv) Av n ouvdptnon f : R = R eivon povédtovn cuvdptnorn téte eivon Borel
peteow.

3.2 OAoxMpwomn UN AEVNTIX®Y CLUVIAETHCEWYV
O (X, M, p) o elvon xdpog pétpou xa

Lt = {yetpfioyec ouvaptioec : X — [0, 00]}.
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Opwowde 3.2.1 Av ¢ amdij ovvdptnon € LT pe ouvridn avanapdotaon ¢ =
ZT QXE,, M€ T E; &éva ka1 UE; = X. Opiloupe to odokArjpwpa s ¢ w§ mpog
T0 pétpo p va elvar o apruds

/sodu = Xn: o;u(E;)
1

(ne ) owdrkn 0 - co = 0). Iapatnpolpe éu umopel va ovuPel [ pdu = oo
(r.x. ¢ = xr)- Av mpéner va gatverar n pevapAnes tns ¢, ypdgovue [ p(z)du(z)
(kdmoion mpotipuoty va ypdgovr [ o(z)u(dz)).

Opiopog 3.2.2 Av A € M eneadr) x4 = ZanEjﬂA opilouue

/wdu=/<prd#-
A

Ilpdtaom 3.2.3 Av p,9 anAés oto Lt téte
(i)
(i) [e+v)=[e+[¢.

(iii) Av ¢ <9, tre [ < [ ).
)

(iv) H ameixévion A — fA @ elvar uérpo otny M.

Ave>0, fep=c[e.

Anédeldn: (i) Eivaw tetpyupévo.
(ii) 'Botw ¢ = Z? Xp,, ¥ = ZT biXF, O CUVADELS oVaTAPACTACELS TWY (P
xu . Agod E; = UL, (E; ﬁFk) F, = Up_,(E; ﬁFk) xu ta (E; N Fy)y,

eivou E€va, xou TO( (E; n Fk) elvan Eévay, 1 mmpaopsvn npoom‘)s‘tmomw Tou
o Sivet

/w+/¢=2<aj+bk>u<Eijk> :/«ow).
ik
(iil) Av ¢ <, t6t€ E;NF # 0 = a; < b;. Ondte

/ Za]uEﬁFk Z w(E; N F,) = /w.

j.k

(iv) Av (A,)5° &éva € M xou A = U AL,

/Ago:zj:aj,u(AﬂE Zaj,uAkﬂE :Z/A

k k

Opiopog 3.2.4 Ay f € LT opilovue

/fdu=sup{/s0du20§90£f,<p amin }
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Ané o (ili) e Hpbdtaone 3.2.3 autde o opiowde divel v Bio T pe tov
0pLOUOG TOU OAOXATPWUATOG ATANE cuVpTNoNne 6tav 1 f elvan amhy. Enlong, elvon
govepb dtiav f < gtote [ f < [gxou [ef =c [ f Ve > 0. Toendpevo empnua
Mo emitpénel va utohoyioouvue to [ f yenowwonoldvac ot axohoudio amAGY Tou
vo auEdver oty f.

Ocdpenpa 3.2.5 (Oeodpnua Movédtovne XOyxhone.) Av f, € LT kar
f; < fj Vi ka f =1lim,_, f, (=sup, f,), wdre Jf=lm, [ [,

An6degn: H axorouvdia { [ f,}, elvon adZovoa, dpa ouyxhiver oto R U oo.
Enione [ f, < [ f onéte lim, o [ f, < [ f. T tnv avtiotpogn avicdtnta,
éotw a € (0,1) xou ¢ anhf ouvdptnon pe 0 < ¢ < f. Gétoupe E, = {z :
frn = ap(z)}. Téte n E,, eivar wiot adZovoa oxohoudio YeTpolmy cUVOALY Xau
U B, = X, 8610 <a<1,¢< fxuf, = f Exovue [f, > [, f,>
afE pdot f, = fuxg, xu f, = ap oto E,. Opwc and my Ilpétaon 3.2.3 to
[, ¢ etvau pétpo xau ot E,, avZouoa, éxoupe 6t [ = qun o =lim,_, fEn )
(W(UE,) =1limu(E,), agol n E,, etvon ad&ouoa). Apa lim,, , . [ f, = a [ ¢. T
a — 1 éyoupe 6t lim,_, o [ f, = [, Vo anhf xou 0 < ¢ < f. Ialpvovtag to
supremum Téve and OAeg Ti¢ amhéc ¢ < f €youpe 6TL lim,, f fn > f f I

Tdpoa unopolue va amodelEouue 0 YRoUUIXOTNTA TOU OAOXANEMUATOC.

Oehpnua 3.2.6 Av {f,} elvar nenepaouévn i drepn axolovdia oto LT ka1
f=%,fn Tore [ =3 [ fn:

Ano6dedn: T duo ouvopthioeic fi xau fy, €0t axohouvdiec amhav {;}
xo{th;} pe v {p;} va av€dver oty fi xon {1;} va aw€dver oty fy. Ondte
{pj+1;} avgdver oty fi + fo. Buvende and 1o Yeddpnua povétowvne clyxong,

[ty =tim [, 4= [+ [ £

To bpra undpyouy, agot ov {[ @} xou {[1;} elvar avZovoes. Ané enaywyh
fzjlv fn = Zivffn xau yio N — 00 and to Vedpnua povotovne olyxhong
2 / o] . N oo

éyovpe 60 30" [ fo =limy o [ 37 fo = [V fu- |

Ieétaon 3.2.7 Av f € Lt wéte [ f =0 av ka1 pdévo av f =0 ov.r.

Ano8eEn: Av f anhy elvon mpogavég yiatt Z;L a;u(E;) =0 dpa eite a; =0
A u(E;) =0.Tevixd av 0 < ¢ < f pe p anh xou f = 0 ov.m. 161€ ¢ = 0 oV.T.
J f=sup,_; [¢=0. Avtlotpoga, éotw [ f =0 téte {z: f(z) > 0} = UPE,,
émou E, = {x : f(z) > n'}. Ondte av n f Bev elvor pndév oyedév mavtoy,
p{z : f(z) > 0}) > 0 = p(U°E,) > 0. Apa Ing € Ni p(E,, ) > 0. AN tote

f>ng'xg e [ f> nglu(EnO) > 0, To ornoio eivar droto. I
o

Ilopwopoa 3.2.8 Av f, € LT, f € Lt ka1 f, avédver oty f ov.m., tte [ f =
lim [ f,.

AnodeEm: Ay f, avldvel oty f Vo € E pe p(E°) =0 t6te f = fxg ov.m.
xou f, = foXg ov.n., onéte [ f= [ fxg=lm [ f,xg =1lm [ f,. I
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Adppa 3.2.9 (Fatou) Av {f,} evar jua axodovdia ovo L, tdéte

‘/mmhﬁ&)ghmhﬂ/fw

Anddeidn: T xdde k éxoupe 6t inf, o, f, < f; Vi > k. Apa [inf,; f, <

n —=

[ fi Vi >k Apa [inf,.; f, < infip [ f;. Agfivoupe to k — oo xau and to

Yedpnua povotovng obyxhlong éyovue Ot
/(liminffn) = lim /(inf fn) < liminf/fn.
k—o0 n>k

Ilépwopa 3.2.10 Av f, € LT, f € Lt xa1 f,, — [ ov.., tdte

/fgmmﬁ/h.

Amddedn: Ay f, — f navtol téte To Muua Fatou Siver to anotéheoya. Av
fn = [ oxedbv mavtol, tote Tic odldlouye ot éva undevixd chvolo. I

IMeévaomn 3.2.11 Ay f € LT ka1 [f < oo tdte o {z : f(z) = oo} ehvm
pundeviké ovvoro kar to {z : f(x) > 0} eivar o-nenepaouévo.

Aoxfoeg

(i) "Eotw 6 f, € LT xou f,, = f xatd onuelo xou [ f =lim [ f,, < co. Téte
Y xdde E € M woyle [, f =lim [, f,. Auté dev eivon omapaitnra owotd
owff:limffn:oo.

(ii) Av f € LT opiCoupe to pétpo A(E) = fEfdu v xdde E € M. Téte v
x&9e g € Lt woyler [gd\ = [ fgdu.

(iii) Av f,, € LT xau n f, etvan gdivouoa axoroudia xou cuyxhiver otny f xatd
onuelo, xou av vrdpyer k € N wote 10 [ f, vo elvan menepoopévo, tote

Jf=lm/[f,.

(iv) Av f € Lt xau [ f nemepaocuévo, t61e v xéde € > 0 undpyer E € M pe
() <ocoxou [, f>[f—e

(v) Bpeite axolovdia Borel pyetpnoiuwyv cuvapticewy f, oto R tou vo @divel
opolduopga oo 0 ahh& va oyver [ f, dm = oo yia xéde n € N.

Bepeite axohovdia Borel pyetpnoipwy cuvapthcewy g, oto [0, 1] nov va ou-
Yxhivel oo 0 xatd onueto ohNd va toyler [ g, dm =1 v x&9e n € N.

3.3 OAoxMpwomn UIYABIXWY CLUVAPTHCEWY

Dot TpatyoTinéS CUVORTAHCELS 1) EMEXTACY) TOU OPLOHOU TOU OAOXAMPOUATOC

elvau mpogavrg
[ fr

Egbcov duwe [ fT xou [ f~ € R. Ze authv v nepintwon Mue 6t n f elvou
ohoxhnpdoyn, dMhadf ov [ f* < oo. Enedd) f+ < [f] < fH+ f, n f eba
ohoxdnpwown xau [ |f| < oo.
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ITpbtaom 3.3.1 O xdpos twy oAoKkANPdoiHwY oUVapTriocwy €lval TPayuatikos
01aYVoHATIKOS XWPOS Kal TO OAOKATpwUA €lval Ypauuiké ouyapTnooeldés.

AT68eEn: O mpdtog toyuplopde Enetol ond To YEYOVOS 6T
laf +bg| < |of[f|+ 0] |g]-
EOxoha, [af = a [ f Ya € R. Av f,g ohoxhnpdowes xau h = f + g, t61e

ht—h =ft—f +gt—g,onétce ht+f +g9g =h + ft+g". Ané 70
BOewpnua 3.2.6 £youue o1t

/h++/f’+/g*=/h*+/f++/g+,

onéte [h=[f+ [g. I

Av f wyadu] petpriown cuvdptnon, Aéue 6T N f elvon oAdokAnpdoiun av xou
wovo av [ |f| < oo. Aot |f| < |RFfI+|Tf| < 2|f], n f elvor ohoxdnpdrowun av xou
povo av ot Rf xan T f elvar ohoxAnpwowes xou oe authv TV TepinTwon opilouye

/f:/meri/jf.

IIdAh 0 xWpog aUTHOY TwV CUVAPTACEWY ElVOL BLAVUCUATIXOC YWEOE XL TO OAO-
xaMpwpa elvon ypauuxd cuvaptnooedéc. LuyPohiloupe autd to xipo pe L (p) 4
LM(X, 1) % LA (X) § LY.

Ileétaocn 3.3.2 Av f € L, wre |[ f| < [|f]-

Anodeldn: Av [ f =0 elva mpogavéc. Av f: X — R, téte

/ﬂzvvtﬁﬂjzﬁ+/f:/ﬂ.

Avf: X -5 Cxu [ f+#0,éotw a=sgn [ f, énou sgnz = z/|z|. Téote

[1] = afr=[ar=re [ar= [Retap) < [ iRetan)
[lani=[171

IN

Ipétaon 3.3.3 (i) Av f € L, tére {z : f(z) # 0} efvar ov-nenepacévo.
(ii) Av f,g € L', tére ta axdrovda efvar 100d0vaua:

B) [y f=[ 9 VEeM
(v) f=g ovr.
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AnodeEn: To (i) éneton and tnv Ipdtaon 3.2.11.
()=(B): Av [|f —g| =0, t67€ v x&de E € M, oyVeL

/Ef—/Eglé/xElf—gS/lf—QFO«

B)=(y): ©étouvye u = R(f —g), v = T(f — g) xu av f dev eivou {on ue
™V g oxedbv mavtol, téTE TouNdytoTov pio amd Tic ut, vt mpénel va elvan pn
undevixh oe olvoho Yetixol pétpou. Av yia napdderypo E = {z : ut(z) > 0} xou
m(E) >0, e R([, f—[,9) = [yu" >0, apod u~ = 0 510 E, 10 Oolo eivau
dtoro.

Téhog, n ouvenaywyn (v)=(a) elvon Tpogavic. I

H nponyolpevn npdtoaoy Aéel 6Tl UmOPOUHE VA OAOXATPOVOUUE GUVOPTHOELS
ywelc va divoupe onpacio oe abvoha pétpou undév. Apa propolue va Yewpolue
Tic ouvapTHoelc pe Tiéc oto R avtl oto R. Eniong eivau Bohixd vo enavaopicoupe
to L'(p) va amoteheiton omé xhdoeig 1ooduvapiag 6mou f ~ g < f = g ov.T.

Oempnua 3.3.4 (Oedenua Kuglapynuévne Toyxiong) Eotwo f, € L

abote

(i) f, = f ov.r

(ii) vndpyer g >0, g€ L' dote |f,| < g Vn e N.
Tére f € L' ka1 [ f =lim,_, [ f,-

Anédedn: H f elvon petpriown (lowe pe enavaopiopd oe éva pundevind ol-
voho) agol elvan xatd onueilo bplo petphony, xou agol |f| < g = f € L.
Oewpdvtoc ta Rf xaw Tf umopodue va unodécoupe ét o f,, f elvon mpayporti-
xéc. Ondte g+ f,, = 0 ov.m. xaw g — f,, > 0 ov.n. And to Mpya Fatou

/g+/f§liminf/(g+fn)Z/g—i—liminf/fn,
/g—/fﬁliminf/(g—fn)=/g—limsup/fn-

Apa liminf [ f, > [ f > limsup [ f,, xou o anotéheoyo énetan. |

@iod)p'qp.oc 3.f3.5 Eorw f; ako;\ovﬁl’a/ ovov L! éarfooZTof|ijo< oo. Téte n
>, [ ovyrdiver ov.n. o€ wa L' ouvvdptnon xar [ 327 f, =30 [ fa.

ArédeEn: Ané 1o Oedpnua 3.2.6, [ Y7 [f;| = S0 [1f;] < co. Onére
Z;)o |f;] € L. Apa and v Ipéracn 3.2.11, Z:o |f;(x)] < oo ov.m. xou dpa yio
e tétolo @ N oepd Yo f;(x) cuyxhiver. Enlone, |37 f;| < 3207 1fl Vn €N,
Gpa epapuoleton to Vemdpnua XUpLKPYNUEVNS o0YXALONG oTNY oxohoudio LEpIXMY

adpoiopdtey, xau npoximter [ S0 fro =30 [ fn- |

Oempnua 3.3.6 Av f € L'(u) ka1 € > 0 vndpyer odokAnpdorun amkrj ¢ =
EanEj wdote [|f —¢ldp < €. Ondre o1 odokAnpdoipes amdés efvar mukvég
otov L'(pn). Av to p efvar éva Lebesgue-Stieltjes puétpo oto R, ta odvola E;
OTOV 0PITUG TNS P UTOPOUY va €MAEYOUY va €lval TETEPAOUEVES EVDTES avorY TV
dotnudTwy. EminAéov, undpyel ouvexns g mov undeviletar é€w and éva ppayuévo
ddotnua dove [|f —gldu < e.
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Ano6dedn: ‘Eotww {p,} aniéc 6nwe oto Oewenua 3.2.11(ii). Téte éxoupe
ot [ o, — fl < € Yo peydho n, and to Jedpnua xuptapynuévne cvyxhiong. Av
Pn =2 0;Xp,, Ej Eévaxon 1ot oy # 0, mapartnpodye ot pu(Ej) = la;[ 7t [, Lol <
o[~ [ 1f

Stieltjes yétpo oto R pnopoups VoL TPOCEYYIGOUYE TNV XE, 000 Yéhovye oty LT

W(EAF) = [|xg — Xp|, onéte av to p etvon Lebesgue-

petpur) ue memepaopéva adpoiopata x; 6mou I avouytd Swotiuata (Ilpbte-
on 2.2.10). Térog, av I, = (a,b) ynopolue va mpooeyyiooupe TV X, oY Lt
petp and ouveyelc cuvaptioeic tou undevilovtaw extdc tou (a, b). T mopd-
devypa, Hétoupe g, (z) =1 yviw z € [a+ 1/n,b—1/n], g,(z) = 0 vz = ¢ (a,b)
xou g, Yeouwx ota dothuata [a,a + 1/n] xau [b — 1/n,b], dote n g, vo elvon
ouveyne. ‘Etol Yo ioylel:

’/(X(a b) — 9n)

xodde n — oo. |

< ul(a,a+1/m) + u((b—1/n,b)) — 0,

Ocpnua 3.3.7 Eotw f: X X [a,b] — C ( o <a<b<oo)ka f(-,t):
X — C odorAnpdoun Vt € [, b]. Eoww F(t) = [, f(z,t)dp(z).

(i) Eotw éu vndpye g € L (p) térow dove |f(z,t)| < g(x) Va,t. Avlim, ,, f(z,t) =

f(@,ty). Tore lim,_,, F(t) = F(ty). Zvykekpiuéva, av f(z,-) efvar ovve-
X1S Y kdle x, tote n f elvar ouveyris.

(ii) Eotw 6t n df /0t vndpyea kar vrdpyer g € L' (i) dote
(8f/0t)(x, 1) < g(x)

yia da ta z,t. Téte n F elvar Srapopionun kar
Ft) = [ (07/00)(a,t) d(a).

Anoédedn: (i) Egappélovue to Yedpnuo xuptoapynuévne cOYxhone otny
folz) = f(z,t,) 6m0L t, — 1.

(ii) Hopatnpolue 6Tt

a —
& (w,t0) = 1im b (2) bxou i, (2) = L <$vt;: - {O@to)

v t, — tg. ‘Etoln 0f /0t eivan petpfiown xou and 1o Yedpnua péone e,

o)l < swp |9 (e0)| < gt)

tela,b)

ondte to Yedpnua xuplopyNuévng clyxAione uropel va yenotponoindel Eovd

F’(ty) = lim ftn t)toto lm/ ac):/g(x,t)dp(x
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BOa yenoLonolooupe Tov yapaxtreiopd Darboux yia to ohoxAfpnuo Riemann.

Oeenpa 3.3.8 Eotw [ gpayuévn mpayuatikn) ovvdptnon pe medio opiouol
70 [, b).

(i) Av f olokAnpdowun katd Riemann, téte elvar Lebesgue petprionun kar dpa
odokAnpdoun apov f gpayuévn. Eniong

b
/ f@ydz = [ f(@)dml().
e [a,b]

(ii) H f eflvar Riemann odokAnpdoiun av xar uévo av
m({z € [o,b] : f aovvexijs oto x}) = 0.

An6dedn: (i) 'Eotw f Riemann oloxinpwour, v xdde dpéplon P éotw

n n
G, = ;ij(tjilytj] X g, = ;ij(t

xo éotw S, f = J G,dmxu s, f = J gpdm T dve xon xdtw adpolopata aviiotol-
yo. Ymdpyel axohovdia Sioapepicewy P, ue vopua Siopéplone mou telvel oto 0, dmou
x&de o ebvon exhémtuvon e GAAng (omdte 1 g, elvon ab€ouoa xau N G, eivan
@divouoa) Gote S, f — fj f(x)dz xou s, f — fj f(z)dz. 'Botww G = limG,,
xou g =limg, . Pavepd g < f < G xou and to Jewpnuo xvplopNUEVNS SUYXALOTS
[ Gdm = [ gdm = fi f(x)dz (agol [Gdm = [lim G, dm = lim [ G, dm =
limS, f = fjf) Apa [(G—g)dm =0= G =g ov.r. = G = f ov.n. Apa 7
f elvan yetprown agot elvar petprown n G g 6plo PETEPACWKY X0 TO M elvon
TAfpec wétpo. Pavepd, f[a y fam = [ Gdm = fz f(z)dz.

. ]’
J=1,t;

(ii) "Eotw H(z) =limsup, ,, f(y), h(z) = liminf,_,; f(y), Snhodr

limsup f(y) = ggg(SUP{f(y) sy —z| < d})

y—=T
nol
lim inf f(y) = f;;llg(inf{f(y) sy — 2] < 6}).

Yy—x

H H =G ov.n. xu h = g ov.n., onote o. H, h elvar Lebesgue petpriouec

o o
b b
/ Hdm:/f(m)dx, / hdm:/ f(z)dz.
[ov,0] a [ov,] Ja

IoyVer 6n {z € [, b] : f acvveyfc oo z} = {x € [a,b] : H(z) # h(z)}
(4oxnom). Apa av 1 f eivow Riemann ohoxinpmoiun, t61e

/[a,b] Hdm = Zf(m)dx = /ibf(m)dx = /[%b] hdm.

Omnoéte f[a b](H—h)dm =0= H = hov.t. Apam({z € [a,b] : f aouveyhc oto z}) =
0. Avtiotpoga, av

m({z € [a,b] : f aouveyhc oto z}) =0,
t6te [[H = [ h, dpo 1 f elvon Riemann ohoxhnpooiun. |
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Aoxnoeig

(i) "Eotw 6t o (X, M, p) evar yodpog nenepacpévou yétpou. ‘Eotw 6 f, €
LY (w) xou f, i f. Acite 6t avayxaotnd da oyver f € Ll(u) kai

lim [ f,=[[.

(ii) T tov xopo pétpou (X, M, u) divovtor ol cuvapthoelc £, f, gn, 9 € L1 (1)
oote f, — fovm, g, — g ovn, |f,| < g, v %% n € N xou
lim [ g, = [ g. AelEte 6 lim [ f, = [ f.

(iii) Av f € LY(m) xou F(z) = ffoo f(t) dt t6te n F eivaw ocuveyfic ouvdptnon
oto R.

(iv) Av f,(z) = ae™™*® — be """ ém0v 0 < a < b, Té1¢

g/omm(x)mm:oo

xau

n=1

i/ow fol@) d + /OOO (i fn<w>> da.

(v) Trohoyiote o GpLo autiohoydvrag Tic TpdEels cog:

n—00
0

) lim [ (1+nz?)(1+2%)"dz.

(«) lim oo(l+%)7nsin%d:c.

< T 1
Nl in —(z(1 2)) " dax.
(v) lim i nsmn(:c( +2?)) dzx
[e o)
() lim n(l +n?z?)~!dz.
n—0o0 a

(H andvtnon eZoptdtoar andé to av a <0 ha=01%Ha > 0.)



Kegdhoto 4

Aldpopol oplopol
cVYXALONG

Av f, — f opolbpopya, téte f, — f xotd onuelo xou f,, — f o.m., ahhd Be
ouvendyeton 6Tl cuyxhivel xou otov L.

Y (i), (ii) xou (iii) n f, — 0 opoduoppa, oA f, + 0 otov L', agol
[1f.] =1 Vn. Zo (iv) f, — 0 otov L, agot [ |f,| =27F yia 28 < n < 2FF1)
MG 1 f,,(x) 8 ouyxhiver Vz € [0,1], agpol eivon undév yia dmewpo 1 xow 1 yua
dmetpa n. Amd Ty GANn pepld, av f, — f o xou |f,| < g, pe g € LY, té1e
fn = f otov LY. Auté oyler Moye Ttou 6t |f, — f| < 25 xou tou Yewprjpatoc
XUPLIPYNUEVNE SUYXMONC.

Opwouoc 4.0.1 Eotw 6t o1 f, elvar petprioipes uryadikés ovvaptioes otov
(X, M, ). Aéue énr n akorovdlia f, etvar Cauchy wg mpos to pétpo, av Ve > 0,

i{z + |fo(@) = )] > €}) = 0 xabls n,m — oo,
ka1 ovykAiver oty f wg mpog To uétpo av Ve > 0,
u{z + 1£,(@) — F(@)] > £}) = 0 xabs n— oo.

T mopddetypo or axohovdiee twv (i), (iii) xou (iv) mopandvew cuyxiivouv cto
undév we mpoc to Yétpo, akhd 1 (i) Sev eivoan Cauchy we mpog to pétpo.

IMpétaon 4.0.2 Av f, — f ovov LY, téte f, — f wg mpog to uérpo.
Anédden: ‘Eotww E, . = {z :|f,(z) — f(x)| > e}. Tote

[1r=01= [ 1= 12 e, 0.

n,e
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onote u(E, ) < e [If,—fl—0. !

To avtiotpogo eivon hddoc, yio napdderypa to (i) xou (iif).

Ocopenpa 4.0.3 FEoto {f,} Cauchy wg mpog to uérpo. Tére vndpyer petpri-
owun [ dote f, = [ wg mpog to pérpo kar vrakolovdia {fn]} s {f,} mov
ovykAiver oty f o.n. Eniong, av f, = g wg mpos to puérpo, téte g = f o.m.

Anéddelgn: Mnopolue va emhéZoupe o umaxohoudia {g;} = {fn]} me f,
wote av E; = {z : |g;(z) — g;1(2)| > 277} t61e p(E;) <2779, agol n {f,} elvu
Cauchy wc¢ mpog to pétpo. Oftovue Fj, = UL E;. Tédte pu(F),) < Z;o 277 =21k
xow oy & & Fy, vy s > j > k éyouue

i—1

(4.1) 10,0) — 0@ € 3 lgiss (@) — gy(@)] < 321 = 215,
1=

l=j
Onére n {g,} elvar xatd onpeio Cauchy oto F. ‘Eotw F = NPF, = limsup ;.
Téte u(F) = 0, xou av Yéooupe f(z) = limg;(z) yio @ ¢ F xou f(z) = 0 yiot
r € F, tote 1 f eivon petpriown xou g; — f o.n. Eniong n (4.1) ouvendyeton 61
|9;(@) — f(z)| <227 yia j > k, © ¢ Fy. Agod p(Fy) — 0 xadag k — oo, éneto
6L g; = f w¢ mpog to pétpo. AN f,, — f wc¢ mpog To pétpo BioTt

{z:|fu(@) = f@) 2et S {z:|fu(@) —g;(a)| 2 /2}
e+ |g;(2) — f(2)| = ¢/2},

xat tot oUvola dedld éyouv wxpd U€tpo otav 1, J peydia. Opolng, av f, — g o
TPO¢ To YETPO BLOTL

{z:f(2) —gla)l ze} < Hz:[f() - fu(2) 2 €/2}
U{e : [fa(@) — g(2) = ¢/2},

Vn , ondte p({x : |f(z) — g(x)| > €}) = 0 v x&de e. Agprvovrag to € — 0 Pdoel
ploc undevixnc axoloudlac noalpvouue f = g o.m. I

IMépiopa 4.0.4 Av f, — f ovov L', tére vndpyer vraxodovdia {fn]} dote
fnj — fo.m

Ano6dedn: And v Ilpotaon 4.0.2 xa to Oedpnua 4.0.3 to cuvurépaoua

éneTal. |

Av f, — f o.m. dev ovvendyeton 6t f, — f wc mpoc to pétpo, 6TwS oTO
nopddetypa (ii).

Ocdpenua 4.0.5 (Egoroff) Eotw pu(X) < oo kar f,, f uetprioipes piyadixés
ovvaptrioes otov X dote f, — f o.n. Téte Ye > 0 vndpyer E C X dote
w(E) < e xar f,, — f opoiduopga oo E°.
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Anodedn: Xopic BAdBN g yevixdtnrog unodétovue 6Tl f, — f mavtod
otov X. o k,n € N ¥étoupe

B0 = e hle) — f(0)] 2 K1),

Téte yio otodepd k, ta B, (k) pdvouv xadde to n avgdver, xou N2 E (k) = 0,
agoV f, = f. 'Etol agol u(X) < oo ouunepaivoupe 6Tt u(E, (k) — 0 xadde
n — 00. ‘BEotw € > 0 xou k € N. Awéyouyue ny, peydho dote p(E, (k) < e27F
xu éotw B =U2 B, . Téte u(E) < e xou [f,(z) — f(z)] < k7 vy n > ny xou
z ¢ E. pa f,, = f opotduopya oto E°. I






Kegpdhawo 5

Mezpa yivopeva

Av (X, M, p), (Y, N,v) xdpol yétpou, éxoupe 101 opioel tnv o-dhyefpa M @
N. Topa Yo xoTUoKEVACOVPE TO HETPO YIVOUEVO TWV [ XU V.

"Eva opBoydvio eivar éva ahvoho tne popphic A X E 6mov A € M xaw E € N.
Davepd (AX E)N(BXF) = (ANB)x (ENF) xou (AX E)® = (XX E°)U(A°X E).
Av A 1 ouhhoyy menepacpévmy EEvwv evidoeny oploywviwy, téte 1 A elval wia
ShvePpa xou BéBonat M(A) =M Q N.

OpiCovpe (A x E) = pu(A)v(E) xon o opiopde elvon xahdc av to A X E elvou
Tenepaopévn évwon Eévwy opdoywviey A; x E;. Téte yiwz € X xuy €Y,

Xa(@)XEW) = Xaxe®) = D Xa,xg, (@Y) = D Xa,(@)xg, (1).

OAoxAnpe®dvovToC OC TPOC T Xl UETE WS TPOG Y, Tolpvouue 4Tl

m(Ax E) =Y n(A; x E)),

(0-00 = 0). To 7 etvon npopétpo otnv A, ondte and 1o Oedpnua 2.1.7 To T opile
éva ewTepnd Wétpo oto X X Y mou o meploptopdg tou oty M Q@ N elvon pétpo
nov emextelvel to T. Autd 1o pétpo ovopdletar Y€Tpo YIvouevo xou cuBoAileTon
ME [ X V.

Av 1oyt xou v glvon o-nenepacpéva LETEO TOTE TO 1 X I EVAL O-TIENEPATUEVO X0l
amd To Oedpnua 2.1.7 eivon to povadind yétpo oty MN, 6nov (uxv)(AXE) =
uw(A)w(E) VA x E. Opoing, opileton T0

pr X i (Ay % x Ay) = [ m(4,).
1

Av E C X xY opllovue yia z € X, y € Y v z-topuf} E, xau y-tour; EY touv E:
E,={yeY:(z,y) € E}, EV={ze X:(z,y) € E}.
Ouolwe, av f: X x Y — C oplloupe v z-topn f, xau y-toud fY e f:
foly) = fU(z) = f(z,y).

Ilebtoon 5.0.1 (i) Av E€E MQN, e E, € N Vz € X ka1 EY € M
VyeY.
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(ii) Av n f elvaa M ® N -uetpriowun, téte n f, eivar N -perprioiun kar n f¥
etvar M -petpnonun.

An6deln: 1) Eoctw R={ECXXY:E, € NVrxu EYe M Vy}. HR
nepiéyel to opBoymvial [(Ax B), = Bavz € Axow (AxB), =0 av z ¢ A]. Apod
(UPE;), = UP(E;), xou (E,)° = (E°), n R eivor 0-Ghyefea. 'pa X O M @ N.

(ii) Hpoxintel dueca and o (i), dét (f,) 1 (B) = (f~1(B)), xu (f¥)"1(B) =
(fH(B). !

IMopathenon 5.0.2 Axdua xou av to 4, v ebvon Thipn To X v dev eivan oyedov
roté TApec. Ilpdypott, éotw A € M, A+ 0, u(A) =0 xou éotw N # P(Y) (v
nopddetypa, u,v Lebesgue pétpa oto R). Av E € P(Y)\N, t61€c AXE ¢ MQN
Aoyw tne mponyoluevne npdtaone, ahhd A X E C A XY xaw pp x v(AXxY) =0
(0-00=0).

Opiopbg 5.0.3 H owoyéveia C C P(X) Aéyetar povérovn kAdon av efvar kAer-
ot ws mpog avéovoes evdoeg kar plivovoes Toués.

AAppo 5.0.4 Av A dAyefpa, téte n povétovn kAdon mou mapdyetar amnd tny
A (6nAabnii n toun Awv twv povdtovwy kAdoewy mou TNy TEpiéyouy) €ivail n
M(A) =M.

Anoédedn: A C C C M(A). Oéhoupe va Seifouue 6T 1) € elvon o-8hyePpa,
on6te ool M (A) n eNdyiotn nou nepéyel v A, Yo cupnepdvoupe 6Tt € =
M(A). Eneldh UP A, = U5, (UR_;A,) adZouca évwon, av delloupe 6t UP_; Ay
€ @, Va éyouvpe 6L U A, € €. 'pa yia va €xoupe 6T 1 € elvon o-dhyePpa, Béhoupe
va del€ouvpe 6Tl

o U’fAkGGVAkEG
e« E\FECVYE€EC,VFel
e Xel

Anhady, apxel va del€ouue éti 1 € elvon dhyePea. Av X € A C €, t6te X € C.
Apxel VE,F € € E\F, F\E xu FNE € C. Av F € C ¥étouue

C(F)={E€€:E\F,F\E,FNE €} CEC.

Apxel va deiloupe 6t C(F) D C, yati 161t € = C(F') VF € C, onéte av E € C,
FeC EcC=C(F). pa EcC(F), onéte E\F,F\E,FNE € C. Av 8¢i€oupe
6t C(F) yovétovn xhdom e A C C(F), t61€ 1 € w¢ ehdytotn LovoTovn Ao pe
A C € Yo wavornowei € C C(F). Eivou ehxoho va dolpe 6t ) C(F) elvan povétovn
xhdon. Mével va Sewydel 6t A C C(F), VF € € 1y xateudeiav C C C(F) YF € C.
AvF e Atbte ACC(F), 86t av E € A6 E\F,F\E,FNE € A agobn A
elvou o-8hyePpa. 'pot E\F, F\E,FNE € C, agod A C C, ondte and t0v opiopd
e C(F) éyoupe 6t E € C(F). "pa yioo F € A éyoupe xu 61t € C C(F). 'Ectw
6n F € @, Yo deifouye dpeca 6t € C C(F). Oua deiloupe 61t A C C(F) VF € C.
‘Eotw F € € xu E € A. 'po. € C C(E), xu enedf F € C, F € C(F). E€utiog
e ouppetpiac otov opiopo tou € t6te E € C(F). "o A C C(F). I



-39

Oedpenua 5.0.5 Eotw (X, M,u) kar (Y, N,v) o-nenepacuévor xdpor pétpov.
Av E € M Q@ N, o1 owvaptiices x — v(E,), y — u(EY) elvar petprioues otov
X ka1 Y avtiovowa, ka1

(wx (E) = [vE)dn(z) = [ u(Eniviy).

AnédeiEn: Trodétouye mpdTar OTL ToL 4 XoU ¥ ElVOL TETEPACUEVA XAl €T
€ 1o obvolo Ghwv twv E € M @ N vy to omolo toyVel to ocvunépaoyua. Av
E = A x B t6te v(E,) = xa(z)v(B) xou p(EY) = p(A)xp(y), ondte govepd
E € €. Andé v npocdetixdtnta twv i, v 1 € mepéyel xou tenepaopéves Eéveg
eVOoELS TapaAANAoYedupwY. Ondte cOUPWVR UE TO TPONYOUUEVO AU, dEXEl Vo
deioupe 6T N € eivon povétovn xhdon. ‘Eotw E,, € € ablovoa xau E = UPE,,.
O ouvapthoeis £, (y) = p((E,)Y) elvon yetpriowes xou avZdvouy xotd onueio otnv
fly) = u(EY). ’pa f yetpfown xou and to Yedpnua povétovne clyxhong

/ u(EY)dv(y) = lim / u(B,))dv(y) = limp x v(B,) = j x v(E).

Opolwe, p x V(E) = [v(E,)du(z), onéte E € €. Agob u(X), u(Y) < oo oyve
xou yioe @divoucee axoloudiec {E,} pe v Bio anddeiln, ahhd pe yprion tou
Yewphipatog xuplapynuévne obyxhione pe {E,} @divovoa, E = NE, xou y —
w(EY) avixer otov L1(v) agol u((E;)Y) < u(X) < oo xa v(Y) < oo, dpa
0 Yewpnua xvplopyNuévne olyxhione unopel va epapuocTel yia vo del€oupe 6Tu
Eecc.

Av ta p xou v glvon o-nemepaopéva Ypdpoupe X XY = UP X, xY; ue {X; xY}}
ab€ovoa xau pu(X;), v(Y;) < oo. 'paav E € M N, epapudletor 10 Tponyoluevo
oto obvoro EN(X; x Y;) Vj, ondte

px BN xY)) = [ @B, nY)dula)
= [, @B X)vty).

ITéA and o Fedpnua povdtovng obyxAong yia j — 0o
px(B) = [xxuE)dnz) = [v(E,)du()
/XY(y)u(Ey)dV(y) = /M(Ey)d'/(y)-

Ocepenua 5.0.6 (Fubini-Toneli) Fotw (X, M,u) kar (Y, N,v) o-nenepa-
opévor xapor pétpov. Tote,

(i) (Toneli) Av f € LY (X xY), tére o1 cuvapthioes g(z) = [ f,dv kar h(y) =
[ fYdu etvar ovov LY (X) xar LT(Y) avtioroya kar

(5.1) [ tawxn = [ [/ f(:c,y)dl/(y)]du(x)
/[/ f(fv,y)du(:v)] dv(y).
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(ii) (Pubini) Av f € L'(u x v), wéte f, € L (v) oxeddv yua xdde z € X
kar fY € L' (u) oxedér ya kdde y € Y kar o oxeddy mavol opiouéveg
g(z) = [ f,dv ka1 h(y) = [ fYdu etvar otov L*(u) xar L*(v) avtiororya
kai wxve n (5.1).

Anddedn: To Gewpnuo Toneli yia f yapaxtnpioting cuvdpetnor, mpoxintel
Gueoca and to Oewpnua 5.0.5 xou dpa Loy Vel xat yio amAég Adyw ypauuxoTnToc. Ay
feLT(XXY)xu {f,} ankhéc nov auidvouv otny f, anéd 1o Yedpnua povéTovng
oOYxhome, oL avtioToyes g, xau h, av&évouv otic g xau h (g, (z) = [(f,)dv,
h,(y) = [(f,)¥dp), ondte g, h yetpRowes xou

[ oan=1im [ g.an=1im [ 1,00 x0) = [ gatux ),
/hdu: lim/hndu:hm/hnd(,u X v) = /fd(u X V).

Autd anodewxviouv to Yedpnua Toneli xau delyvouv 6t av f € LT(X X Y) xau
[ fd(p x v) < 00, 1618 g < 00 0.1 xou h < 00 o.7., dhadY| f, € L (v) o.m. xou
fY € LY(p) o.n. 'Eto, av f € L (u x v) 10 Yedpnpa Fubini éneton and epappoyn
TV TEoNYOVUEVKY 0To Yetind xou apvnTid pépoc Twv Ref xou Imf. I

IMopathenon 5.0.7 (i) Zuvidoc da mopakeitovpe Tic mopeviéoers xan Vo
Yedgpouue

/ [ / f(w,y)du(w)] au(y)

/ / F (@, y)du(@)dv(y)

= //f(x,y)dudu

(if) H vnddeon tou o-nenepacyuévou elvar amapodtnTy.

(iii) H vnédeon f € LT (X xY) 4 f € LY (u x v) eivou amopoitnTn yio d0o
Aoyoue. Ipdta, uropel ov f, xou f¥ va elvou petpriolec yio 6Aa ta z, Y, xou
o dradoyixd ohoxhnpoyarta [ [ fdvdp, [ [ fdudy undpyouv xou n f vounv
elvon M ® NV -petprioydn xa o dradoyixd ohoxhnpwuata unopel vo unv eivou
toa. Enfong, av f > 0 pnopel ov f, xou fY va elvon yetprioes Ve, y xou to
ohoxinpoyara [ [ fdvdp, [ [ fdpdy vo undpyouv, (owe xau diapopeTind,
xew [ fld(p x v) = oo.

(iv) To ewphuata Fubini xou Toneli ypnoyonotodvtor cuyvé Swadoyixd. Tpdta
xavelc yenowwonotel to Toneli yio vo BeBouwdel 6t [ |f|d(p X v) < 0o xou
uetd eoppdlet to Fubini vy va ndper 6t [ [ fdvdp = [ [ fdpdv.

"Eotw X =Y 10 chvoho twv apuduroimy dataxtixey aptduoy. Ondte Vo €
X to obvoro {y : y < x} elvou aprdufoio. 'Eotw M = N n o-dhyefpa 1oV
aprdufioipwy 1 cuvaptdufioiey cuvéiwy xa i = v pe p(A) = 0, av A aprdurowo,
xou (A) =1, av A unepaprdurioo. 'Eotw E = {(z,y) : y < z}. Téte E, = {y:
(z,y) € E} = {y: y < z} elvou apiduriowo, dpa yetpriowo. Enlone, EY = {z :
(z,y) € E} = {z: y < x} eivar cuvopiduriowo, dpo yetpriopo.

//XEdeVZ /Y [/X XE(:v)du(m)l dv(y) = /Yldu(y) =1
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//XEdvduz/)(VyxE(y)dV(y)] dﬂ(w)=/XOdu(:r)=0,

Gpa E ¢ M N Av deydpaote tnv unddeon tou ouveyole, UTOPOVUE Vo TPOUYE
6t X = [0, 1] (éyr pe ™ cuvidn Sudtaln), ondte Ba éxoupe 6t E, EY petpriowa
(aprdproar xou cuvaprdurowo dpa Borel), ahhd E C X x X dpa dev elvon L-
petpfowo. ‘Eotw X =Y =N, M = N = P(N), p = v 1o apidunmxd pétpo.
Opilovue f(m,n) =1lavm =nxu f(m,n) =—lavm=n+1xu f(m,n) =0
e, [ [fld(px v) =00 xou [ [ fdvdu # [ [ fdpdv.

nal

5.1 To ohoxAfpwua Lebesgue ctov R"

To Lebesgue pétpo m otov R™ elvan 1 TAHpwaon TOU YLVOUEVOU M X ... X M N
@opéc otV Brn = Br ® ... ® By 1 100d0vaua 1 TARewor Tou m X ... X m oTny
L®..0L=AL" "0Otay dev undpyel tepintwon obyyuong Yo yedgouue anhd m.

Oswenua 5.1.1 Eoww E € L™,

(i) Ioxvet m(E) = inf{m(U) : U D E, U avoiyté} = sup{m(K) : K C
E, K ouurayés}.

ii) E=A;UN; = A,\ N, énov to A, etvar F_-otvodo, to A, €ivai Gs-cvolo
1 1 2 \ Vg 1 o 2 5
kar m(N;) = m(N,) = 0.

(iii) Av m(E) < oo Ve > 0 vndpye nenepaocuévn ovldoyri {R;} Evav opbo-
yoviov tou o1 mAeupés tous efvar daotipata dote m(EA UY R;) <e.

Am6delEm: Ao Tov oplopd Tou PETpou Yivopévou (Ttou yiveto péow eEmte-
pixoV Pétpou 6mou 1 apyxt| dhyePpa eivan ta opoyavia), av E € L™ xou € > 0
undpyouv Eeva opdoyavia R; wote E C UPR; xou E;}o m(R;) < m(E) + e.
Egopuolovtac v e€wtepr) xavovixdétnta oto R, undpyet oploywvio pe avor-
YTéC TAELEECS Sj, WOOoTE Sj 2 R; xou m(Sj) < m(Rj) +e279. AVU = U‘f"Sj, To
U elvar avorytéd xou m(U) < ZTO m(S;) < m(E) + 2e. Autd anodewxviel Ty
TGN 06Tt Tou (i). Opoiwe xou n devtepn. Av m(E) < oo, téte m(S;) < 00
Vj. Ou mhevpec tou S; elvon apriufolpec evooels avolytey dlaotnudtwy, ondte
nafpvovtag xatdhnhec nenepacpéves unoevaoels Peloxovue opdoyaovia T; C S,
nou elvan nenepaouévec evaoei daotudtey wote m(T;) > m(S;) —277. Av 1o
N elvou apxetd peydho, éyouvue

o(e60n) = e\ On) em( (e

m<ﬂ(sj\Tj)> +m( U sj) +m<© sj\E)

1 N+1

IN

< 3e.

To U{VTJ- yedpeton we Tenepacpévn EEv évwan optoywviwy ue Thevpés SlaoTr
porToL. I
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Oedpnpa 5.1.2 Av f € L'(m) kare > 0 vrndpyer p = Zf[ ;X g, Omov kide R,
etvar ywluevo duotnudtor dote [ |f — ¢| < e ka1 vrdpye ouvexris ocuvdptnon
g mov undeviletar ééw and éva ovumayés dote [ |f —g| <e.

Ano68en: Eivon mpogavrc. I

Oeswpnpa 5.1.3 To uérpo Lebesgue elvar avaddoiwto otig petapopés, dnadn
avEe ",z e R " kmm E+2={y+z:y € E} tbee E+2 € L" ka1
m(E+z) = m(E). Enions, av f Lebesgue petpriowun kai efve f > 0 1) f € L(m),
wite [ f(z+y)dy = [ fy)dy.

Ano6den: Ipogavée yia nopodAnhoéypouuo dpa xou yioo Borel cOvola. Ta
UNdEVXE SLotnEolY To UETEO UNBEY UE HETAPOPT, doa Loy Vel xou Yio L™ chvoha. T
TS CUVOPTNHOELS YPNOLIOTOLoUE YopoxTneloTixéc. Téhog, yio v Ttuyalor cuVEE-
oM XENOWOTOLO0UE TNV avdALoT o€ JeTind xan apyNTIXS PEPOC TOU TPAYUATIX00
X0 TOU QovTaoTIX0) PEPOUG. |

TautiCoupe o ypoppoe anexdévion T : R™ — R™ pe tov nivaxa (T};) =
(Tej,e;) 6mou e; n cuvhdng Bdon tou R™. Téte det (ToS) = detT - det S.

323
SupBoAiloupe ye GL(n, R) tny opdda eV avTloTeEPULOV YRUUUX OV ATEXOVIGEWDY
otov R".

AAppa 5.1.4 KdiBe T € GL(n,R) uropel va ypagtel wg ovvieon nenepaoiévov
mAnfoug and toug mapakdtw UETATYNUATIONOUS:

Ty (Ty, ey @y ey Ty) = (Tq5 e, €Ty e, T
yul<j<mn,c#0,
To(xy, ey @y ooy @) = (g0, Ty + €T, oo, Ty,)
yul<j<nk#j, c#0,
Ty(Tyy ey Ty ooy Tpy ey Tyy)) = (T ey Tpgy voey Ty ey Ty

yia 1 < j<k<n. (Ankadrj kdOe nivaxas pe un pundevikn opilovoa unopel va
avayOel ue npdéeas ypauudy otov tavtotikd.)

Ocdpnua 5.1.5 Fotw T € GL(n,R)

(i) Av f Lebesgue petprionun oto R™, elvar perpioun karn foT. Av f >0
i f € L (m), tére

(5.2) / F(@)de = |det T / (f o T(x)) da.

(ii) Av E € L™, tére T(E) € L™ kat m(T(E)) = |det T| m(E).

Anddedn: Av f Borel petpriown, to (Blo eivon xou n f o T agod T cuveyhc.
Av 7 (5.2) woyle yio T xou S € GL(n,R) 1o (8o oyder xou yioe v T o S, agold
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/f(sc)dx

"oa apxel va devydel m (5.2) yia toug otouyewddne Ty, Ty, Ts tou mopamdve Muuo-
toc. T tov T efvon ahhayn) oelpdc ohoxhipwong, dpa and to Yewpnua Fubini-
Toneli det T3 = —1. T'a toug T xou Ty 0AOXANPOVOULPE TEWTA WS TPOG T; Kol
XENOWOTOLO0UE TIC

[rwae=rel [ sevar. [ re+a) = [ ae

otn plo ddotaon mou npoépyovtar and o m(rE) = |r|m(E) xa m(E 4+ a) =
m(E) xou éxoupe 61t det Ty = 1 xou det T} = ¢. I 7o (ii), T(E) € L™ ywott T4
ovveyfic xou m(T'(E)) = |det T|m(E) pe xefion e f = Xr(k)- I

|detT|/(foT(x))dx: et T |detS|/(foToS(x))dac
= |detTOS|/(f0(TOS)(x))d.r.

Iépropa 5.1.6 To uétpo Lebesgue efvar avarloiwto 0TS oTpogés.

AnodeEn: Av T otpogy), 16t TT* = I, al\d det T = det T™. ’pat |det T'| =
1. I

Arnodewxvietar xat o axdroudo Yedprnua

Oedpnua 5.1.7 Eotw Q avoyyté vrootvolo tov R™ ka1 G : Q — R" évag C*
dragopouopPiods.

(i) Av f Lebesgue perpriomun oo G(Q), téte n foG elvar Lebesgue puetprioun
oo Q. Av f >0 7 f € LY(G(Q), m), tdre

/ f(e)dz = / (f « G)(x) |det D, G| du,
felte) Q

/ g,
onov DmG = Dw(gh 7gn) = (a_is(x))

(i) Av EC Q ka1 E € L", wbte G(E) € L™ xar m(G(E)) = [, |det D,G|dz.

Ot onpavtixdtepol petaoynuatiopol otov R? xou otov R3 elvan ot tohixée ou-
vietoypévee (x = rcosf,y = rsinf, dedy = rdrdf) xou ol cpapxéc cuvteTay-
wévec (x = rsingcosf,y = rsinpsinb, z = rcos ¢, drdydz = r?sin pdrdfdyp).
Avtictoiyol timol undpyouv xan oe uPnAdTEPES Slactdoelg odAAG elvan utepBohi-
x& mepimhoxot. Xuvidwe apxel va Eépoupe 6Tl uétpo Lebesgue elvan to yivéuevo
ev6C PETpoL evéC xoppatiol Tne povadieieg ogaipac ent 7" tdr oo (0,00). Oa
XOTUOXEVEoOUPE VT To wéTpo otn ogalpa: " = {z € R" : |z| = 1}. Av
x € R™\{0} S ypdoouvye r = |z| xou 2’ = z/|z|. H anewxdévion &(x) = (r,z’)
elvon ouveyhc, 1—1 xou enl amd to R™\{0} — (0, 00) x S"~! pe ouveyt| aviiotpogo
wmy @7 1(r,2’) = rz’. '"BEote m, 1o pétpo Borel oo (0,00) x S" 1 nou endyel 1
® ané 1o pétpo Lebesgue, dnhadh m,(E) = m(®~1(E)).

Oehpnua 5.1.8 Trdpye povadixé pérpo Borel o = o, 4 oty S* ! dote
m, = p X o. Av f Borel petprionun ovov R™ ka1 f >0 1§ f € L'(m), tére

(5.3) fz)dz = /°° flr,z")r"tdo(z)dr.
R™ 0o Jsn
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Ano6dedn: H (5.3) v f = x g elvon Bia ge Ty m, = p X 0. ’pat yioe 0 yevixn
f Yo mpoxOer and ) ypauuxdTnTa Xou dptar anAddy. Apxel hoindv va derydel 1
m, = p x 0. 'Eotw E Borel 610 S* ! xou a > 0. ‘Ectw

E,=®1((0,a] x E)={rz’:0<r<a, z € E}.

Av n (5.3) woyleL 6tav f = xp, Yo mpénel

m(E,) = /IO/ET"lda(m’)dr =n"to(E).

OpiCoupe hownéy o(E) = nm(E,). Enedr n anewdévion E — E; nnyoiver cOvoha
Borel oe oUvola Borel, avtigetatideton ue evidoelc, Topég xou cUPTANEOUATA, Elvol
povepd 6TL To o elvon pétpo Borel oty S Enlong, agol E,, eivou n exxdva tou
E; uné v anewdvion £ — oz, €neton and to Yedpnua oAhayng YeToBANT®Y, OTL
mE, = oa™m(E;), dpaav 0 < a < b,

b
m((@ X B) = m(BAB,) =0 —an)o(B) = o(E) [ rtar
= pxo((a,b] X E).

"Eotw E = Bgn1 xou Ag 1 6UNOYT TENEQUOUEVWY EEVWV EVOCERY TNG HOPPRC
(a, b] x E. H Ag eivon dhyeBpa 610 (0, 00) X E ntov mopdyel tny o-hyelpa M g =
{AXE: A€ B o} And Tponyolpevo UTOROYLOWG EYOVYUE OTL T, = p X T OTNV
Ag xou and 0 povadudtnta enéxtacne m, = p X 0 oty M. A& U{M g :
E € Bgui} eivar 1o Borel opdoydvia tou (0,00) x S*71) onédte mdh amd
HOVABXOTNTA TNG EMEXTACNC EXOVUE OTL M, = p X 0 ot dha Ta oUvola Borel. |

IMépiopa 5.1.9 Av n f efvar petpriorun oto R™ ka1 f > 0 A f € L' (m) dore
f(z) = g(|z|) ya xdrow g oo (0,00), tdre

/ F@)dz = o(s" ) /0 gy dr.

ITépropa 5.1.10 Ay a > 0 éotw B = {z € R" : |z| < a} ka1 f perproun
otov R™.

| < Clz| * oto B ya kdnow C > 0 ka1 o < n, wére f € L' (B).

(i) Av (@) < Cla| °
Av |f(z)| > C|z| " oto B, wére f ¢ L'(B).

(i) Av |f(z)| < Clz|™® w0 B® ya kdnow C > 0 ka1 a > n, wéve f € L*(BC).
Av |f(z)| > C|z| ™ owo B¢, téte f ¢ L'(BC).

Ané3elEn: Eqapudlovpe 1o Mépiopa 5.1.9 oty x| * x5 xow oty |z~ x ge.
|

IIpbtaom 5.1.11 Ay a > 0,

/n exp (—a |ar:\2)das = (g)"/z.



5.1 To ohoxAfpwyua Lebesgue otov R™ - 45

An6deEn: ‘Eoto I, = [ exp (—a|x|2)dx. T n = 2, and 7o Héplopa

5.1.9 éyoupe
o ™ 2
I, = 27r/ re " dr = —(—)e“’”
B o

Agol exp (—a|:r|2)dm = H;)o exp (—ax3), an6 1o Yedpnua Tonelli éxovpe o
I, = (I)" I, = (I,)"/? onéte I, = (w/a)™/?. |
OpiCoupe

o

0 a

I'(z) = /000 t*~te~tdt(x > 0).

‘Eyovpe 6t I'(1) =1 xou ['(1/2) = /7 [ue v avtixatdotaon t = s* xou ypfion
e Mpéraone 5.1.11]. Emnhéov, I'(z + 1) = 2I'(z). ‘Eneto 6t v n € N,

Pm)=(m—1)! T(n+ %) =(n- %)(n— g) (%)ﬁ

Meétaon 5.1.12 o(S™1) = 272 /T (n/2).

2

AnédelEn: Ané to épopa 5.1.9 xou tv pdtaon 5.1.11, xou yia t = s2,

v = [ ettar—o [ et
R” 0

o(S"1) [ (n—2)/2, a(S" 1) _/n
= n s = F b
2 /0 st ends 2 (2)

Iléepiopa 5.1.13 Ay B" = {x € R™ : |z| < 1} ,tdre
m(B") = 7/2/T((n/2) + 1).
ATnoden:

m(BY) = oS /0 ldr = o(S™) /n

= 202/nT(n/2) = 7"?/T((n/2) +1).
I
’oxnomn: Opoiwe unoroyileton o dyxog Tou By = {r e R™: ||:c||p <1}H0 <
p < 00): Oétovpe I, = [, exp (— ||:r||z)dx Amé o peptd Yo €xoupe

I,= (/ exp(— |t|p)dt> .
R
Anb v GANN uepld 6ume

I = /IR< (/w %(—exp(—tp))dt> dz.

21,

IMopathenon 5.1.14 Andé wov timo Stirling yua tn owdptnon I' mpokinzea
edkola d ¢, (p)n~ /P < VOI(B;L)l/n < ¢o(p)n~ VP, bmov ¢y, ¢, oTadepés ws mpog

n. Ia rapdderyua, vol(By)Y™ ~ \/iﬁ






Kegpdiowo 6

Ilpoonuaoueva LeETEA,
Yewenua Radon-Nikodym

6.1 Ilpoonuaopeva LETEPAR

Opiopobg 6.1.1 Eva npoonuacuévo uétpo otov (X, M) elvar ua ovvdptnon
v:M = [—o0,00] dote (i) v(B) = 0, (ii) o v Sev meruyaiver ka1 g Vo
npés {£oo}, kar (iii) av {E;} € M axodovlia &évwr ovvddwy, téte v(UPE;) =
Z(l)o v(E;) érov n tedevtaia oeipd ovyrAiver opoidpopga av v(UPE;) < oo.

Kdde pétpo elvan mpoonuacuévo pétpo. IloAréc popéc avapepduacte oto uétpa
o¢ ((etind puétpar)). T mopdderyper, ov fiq, fg elvon pétpa xou évor omd owtd eivon
TETEPACUEVO, TOTE TO ¥ = [1q — fhq ElvOL TpOCHOCUEVO. AV [+ X — [—00, 00] elvon
HeTpon ouvdptnon xat TouAdytotov éva omd ta [ fT, [ f elvon nenepacuévo,
téte 1o v(E) = fE fdu elvan tpoonpacuévo.

IMpétacm 6.1.2 Eotw v éva mpoonuacuévo uétpo atov (X, M). Av {E;} etvar
pia avéovoa akodovlia otnv M, tére

v(U°E;) = lim v(E;).

Jj—oo

Av {E;} etvar pua gpivovoa axorovdia otny M kar v(E;) < oo, wre v(N°E;) =
lim, ,  v(E;).
Opiop b 6.1.3 Eotw v éva mpoonuacuévo uétpo otov (X, M), éva odvoro
E € M Méyetar Oetikd (apvnrikd, undevikd) av ka1 uévo av v(F) >0 [v(F) <0,
v(F) =0/ yua k0 F € M dote F C E.

Yto nopddeypa v(E) = fE fdp, to E elvon detnd, apvntixnd, 1 undév av xon
povoav f >0, f <0, f=0 p-o.n. ot0 E.

Appa 6.1.4 Av P; efvar éva Oetikd olvodo yua v ya wkdle j € N, téte o

otrolo U° P; elvar fetikd ya v.

Ano6dein: 'Eotw Q, = n\U?*le. Téte Q,, C P,, dpa 1o Q,, elvon Yetnd.
Av E C U§P;, téte v(E) =Y. v(ENQ,) >0. |
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Ocedpnua 6.1.5 (Avdivon tou Hahn) Eotw v éva mpoonuacuévo pétpo
otov (X, M), tdéte vrdpyer Oetikd ovvodo P kai apyntikd ovvoro N dote PUN =
X ket PONN =0. Av P/, N’ éva dAdo téroto Levydpr, téte to PAP (= NAN')
elvar undevikd ya to v.

Anbdeidn: Xopic BABN e yevdtnrag to v Bt diver moté +oo (ahhde
Yewpolpe to —v). Ilpdta oyuptldpacte dtL av v(A) > —oo, téte Ve > 0 undpyet
B C A dote v(B) > v(A) xau v(E) > —e YE C B. Av 6y, urdpyet E; C A ye
v(E;) < —e. Aol v(A\E,) = v(A) —v(E;) > v(A) urdpyer E, C A\E; ®ote
v(E,) < —e. Yuveyilovtag u” autév tov 1pém0 @ridyvouye piat axohoudia {E;}
Eévwv umoouvolwy tou A wote v(E;) < —e. Av E = UPE;, t6tc v(A\E) =
v(A) — ZTO v(E) = 400, 10 onolo eivou dromo.

Tépa oyvplduacte 6Tt av v(A) > —oo urndpyet detxd cdvoho P C A pe
v(P) > v(A). ©étouue A; = A xou opiloupe 1o A,, enoywywd we eEhc: ov
éyouv opiotel tat Ay, ..., A,,_1, Beloxouvpe A, C A4,,_; dote v(A,) > v(A,_ 1) xu
v(E) > —=1/n VE C A, and tov mponyoluevo toyvptopd. ‘Eotw P = NPA,,
t6te 1o P elvan 9etind and tnv xataoxeun xou and tnyv Ipdtaon 6.1.2 éyouue 6T
v(P) =limv(A,) > v(A).

"Eotw thpa s = sup{v(A) : A € M}. Trdpyet axoroudia {P,} dote v(P,) —
5 xou amd ToV BEVTERO LoYLELOWO, Ywelc BAABN TS YevixdtnTag, To P, elvon Yetind
yioo xé9e n. ‘Eotw P = UPP,. Téte v(P) = s xou to P eivan detind, and tnv
Ipbtaon 6.1.2 xa and to Afuua 6.1.4. Emniéoyv, to N = P€ elvan apvntixd, yiatl
av E C N xou v(E) > 0 Yo elyope 6t v(PUE) = v(P) + v(E) > s, To ornolo
elvon gromo.

Téhog, av P’; N’ dhho éva tétoto Leuydpt éxovue 6t P\P’ C P xou P\P’ C
N’, dpa éyoupe 6Tt to P\ P’ elvan xou 9etind xan opvnuind, dpa eivar undevixd.
Ouolwg v to P\ P. I

Opwopdc 6.1.6 Avo uérpa p, v Aéyovtar oploydvia av vndpyovy E,F € M
dote ENF =0, EUF = X, to E efvai undevikd ya wo p ka1 vo F efvar undevixdé
ya to v. I'pdgovue pluv.

Oewpenpa 6.1.7 Av v tpoonuacuévo uérpo, vrndpyovy povadikd Jetikd pétpa
vt ki vT dotev=vt — v kvt 1lyT.

An6deiEn: Av X = PUN navédluon Hahn yio to v, $étoupe v (E) = v(EN
P)xu v (E) =—v(ENN). Pavepd, v =vt — v~ xw vt Llv . Avv =pt —p~
pe ptly=, éotw ENF =0, EUF = X o p™(F) = p=(E) = 0. Téte n
X = E U F elvaw avéhuon Hahn yio to v, onéte 10 PAE eivar undevixd. ’pa
VA e M, p(A) = pT(ANE) =v(ANE) = v(AN P) = vt(A). Ouolwc
Vo= I

To pétpa v xou v~ Méyovton Yetind xan apvnTixd uépog TOL V¥, Xou TO V =
vt — v Aéyetau avdhuor Jordan tou v. Opiloupe v ol xOuaven tov v va
elvon to pétpo |v| pe

+

v =vt+v.
Opilouye T0 OAOXAPOUA WE TPOC TO TEOCNUACUEVO UETEO V: VETouUE

L'(v)=L'(v")Nn L (v7),

/fduz/fdu*—/fdzﬁ v f € LY(v).
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6.2 To Yswpenpa Lebesgue-Radon-Nikodym

Opiopog 6.2.1 To mpoonuacuévo uétpo v efvar anddvta ouvexés ws mpos To
Oetikd pérpo p av VE € M ue p(E) = 0 ovvendyetar v(E) = 0. I'pdpouue
v << p. Edcoda [v] < p av ka1 pévo av vt < p ok v <K p.

H andélutn ouvéyela elvan to «avtidetor tne oploywwidtnrac. Av v << p xou
vlip, t6te v =0 Bt av ENF =0 xu X = EUF) xau u(E) = |v| (F) = 0.
Enedf v < p éyovpe 6t [v| (E) =0, dpa |v] = 0 xou v = 0. Eniong, v << p av
xou Lovo av v < |pl.

Oewpenpa 6.2.2 Eotw v tenepacuévo mnpoonuaciévo pétpo kar p Jetikd puétpo
otov (X, M). Téte v < p av kar udévo av yua kdde € > 0 vrdpyer § > 0 dote
[v(E)| < e drav u(E) < 4.

ATbdeEn: Aol v < p éyovpe 6T V| K pxan [V(E)| < |v| (E). Mropolue
vo. unodéoovpe 6Tt v = |v|, dnhadh to v elvon Yetind. Pavepd, and Ty € — &
ouvixn éyouvpe 6Tt ¥ <K p. Avtiotpoga, éotw 6T undpyer € > 0 Gote v
x&9e n € N va unopolue va Bpolue E, € M pe p(E,) < 27" xu v(E,) > €.
O¢tovue F), = UXE, xau F = NP F,. Téte u(Fy) < 2'7F, ondte u(F) = 0, ahré
v(F},) > & xau ooV to v eivan tenepaocuévo éyoupe ot v(F) = limy(F,) > «.
"Etol éyouue odnyndel o avtigoon. I

To Baowd mapdderypo anohdtwe cuveyolc pétpou eivar to v(E) = fE fdu,
émov 1 f etvou p-ohoxhnpdowr. To v elvon temepaouévo av xau pévo av f € L (u).
Do ot pryedoed ouvdptnon f € L () to mponyoduevo dempnuo epapudletor ota
RS xow Tf.

IMoépiopa 6.2.3 Ay f € L' (p), yia kdBe e > 0 vndpyer § > 0 dote UE fdu‘ <e
drav u(E) < 4.

Hapathenon 6.2.4 Avtd yua v(E) = [, fdu ypdpoupe athototepa
dv = fdp.

AAppe 6.2.5 Eotw v kar i nenepaouéva otov (X, M). Efve v1p 1) vndpye
>0k E €M dote p(E) >0 kar v > ep oto E (6nAadrj o E efvar Getikd

yia To Vv —ep).

AnédeEn: 'Eotw X = P, UN, n avdiuon Hahn vt 10 v — n~tu. ‘Eote
P =UP, xau N = N°N,, = P¢. Téte 10 N elvon apynmixd Yo Ghat e v —n~ Ly
v xdde n, dpa 0 < v(N) < nLu(N) v xédde n, onéte v(N) = 0. Av pu(P) =0,
téte vLp. Av p(P) > 0 vndpyel n wote p(P,) > 0 xou to P, elvan Yetind ohvoro

vy to v —n"tp. |

Ocehpnpa 6.2.6 (Lebesgue-Radon-Nikodym) Fotw 6t to v efvar éva o-
renepaoévo mpoonuacuévo Hétpo ka1 to p éva o-nemepacuévo Jetiké uétpo
otov (X, M). Trdpyouy povadikd o-nenepacuéva npoonuaciéva pézpa A, p otov
(X, M) dore ALy, p < p ka1 v = X+ p. Erniong, vrdpyer p-odokAnpdoiun
f:+ X = R, povadixij extds and petaforés o€ undevikd ovvora, dote dp = fdu.
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AodeEm: Aloxplvouye TRELC TEPITTWOELS. LNV TRKTN Uto¥éTtoupe 6Tl Ta v
xaon p ebvon Yetind xou nenepaopéva. ‘Eotw

5‘“2{f:X—>[0,oo]:/Efd,u§y(E) VEGM}.

Agob v >0,0€ F, dpa F #0. Av f,g € F, 16t h = max{f,g} € F, déw av
A={z: f(z) >g(z)}, VE € M éyouye

/ hdy = fdp + / gdp <v(ENA)+v(E\A) =v(E).
B ENA E\A

‘Eotw a = sup{ [, fdu: f € F}. Hoapampolpe 61t a < v(X) < 00, xou emAéyou-
pe we cxohoudia {f,} € F dote [ f,du — a. Oétoupe g, = max{fy,..., f,}
xou f =sup, f,. Téte g, € F xou av€dvel povétova oty f. Enlong, [ g.dp >
J fndp. ‘Exeton 6t lim [ g, dp = a xou and to Yedpnua povétovne olyxhiong é-
xoupe 6u [ fdp =1lim [, g,du < v(E), dpa f € F xeu [, fdp =lim [, g,dp =
a. Tapatnpodue 6t agod f € F, f >0 xu [ f < v(E) < oo éyouye 6Tt f < 00
0.1, Gpa ywelc BAEBN e yevixdtntag, unodétovue ot f @ X — [0,00). Ioyv-
ptloyoote 6Tt To Wétpo dA = dv — fdu, to omnolo elvaw detixd agol f € F,
elvaw opdoydvio oto p [N(E) = v(E) — [, fdu > 0]. Av 6y, and to Aruya
6.2.5 undpyet E € M xow e > 0 dote pu(E) > 0 xou v > ep oto E. AN\ téte
expdp < dX = dv — fdu, dpo (f + exg)du < dv. Onéte f+exy € F, odNd
J(f +exp)dp = a+ep(E) > a, 1o onolo elvor dromo. Tt ) povadixdtnra,
av dv = dX + f'du éxoupe b6t dX — dN = (f — f)dp. AN A — N Ly, evéd
(f—f)dp < p. Bouverdg, dA—dX = (f—f)du=068pa A =X xu f = f' 0.7

Ytnyv deltepn nepintwon unodétouue éti Ta i, v elvon o-nenepaouéva. Tndpyel
axorovdio Eévwv ouvdhwv A; € M dote p(A;) < oo, v(4;) < oo Yo x&e j
xu X = UPA; (vedgoupe 10 X w¢ éveoon EEvwv oUVOAWY e TEMEPAOUEVAL fi-
HETEO X0l G EVOOT) ZEVWY GUVORWY YE TETEPACUEVO V-UETEN XOU TIUlOVOLUE TOUEC).
Opiloupe p;(E) = p(EN A;) xou v;(E) = v(ENA;). Téte dv; = dX; + f;du;
6mou A;(A5) = 0 xou fj|A]c_ =0. B¢tw A = E(fo Ajxon f = E:o [ Tote ALy o
dv = dA + fdp. H povodixdtnta anodeixvietal 6Tee mety.

Télog, otnv Tpitn mepintworn vnodétouye 6Tl TO v €lval TEOCHUACUEVO XOou
epopu6louye To TPONYOLPEVO oTa VT xou V. I

H avédvon v = A+ p pe ALp xou p << p Myetan avdiuon Lebesgue tou
v we mpo¢ p. To 6t av v < p = 3If : dv = fdp Aéyetan Yedpnuoa Radon-
Nikodym xau v f Aéyeton mapdywyoc Radon-Nikodym tou v w¢ npog p. I'edgpouyue
f=dv/dp. O tinol tov Epouye and ta Swpopixd elvor cwotol, yior Topddely o
d(vy +vy)/dp = d(vy)/dp + d(vy) /dp. Axoloudel o xavévae alucidoc:

ITebétaon 6.2.7 Trobérouue dni to v elval o-nenepacévo mpoonuacévo uétpo
kai p, A o-renepacuéva otov (X, M) dote v <€ p kar p <<€ M.

(i) Av g € LY (v), téte g(dv/dp) € L' (p) xar [ gdv = [ g(dv/dp)dp.
(ii) v < A, ka1 (dv/dA) = (dv/dp)(dp/dN) o.m.

Anodedn: Oewpdvrac ta v xa v Eeyxwptotd, utodétovue 6T v > 0.
H e&lowon [gdv = [g(dv/du)dp ahndeder vy tny g — xp onb TOvV 0ploud
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tou dv/dp. Ondte odndeter yia ankéc ouvaptioels e€antiog TG yeauuxoTNTOC,
Yio 4N opVNTIXES UETPNOLUES CUVAPTAHCELS amd To Yedpnua Lovotovne olyxhlong,
X0 YLOL GUVOPTACELS TIOU OVAXOUY GTOV L1(1/) ndhL e€antiog TG YpouwuxoTHTAC.
Avtixahiotdvrog To v, p e 1, A xou Yétovtac g = x gdv/dp éxoupe

dv dv du
AE :/ W= [ 2
(E) g du 5 dudA

v x&de E € M, doa (dv/dX) = (dv/du)(dp/dN\) M-o.m. I
IMépiopa 6.2.8 Av << X ka1 A < p, tote d\/dp = (dp/d\)~! 0.1
IMopathenon 6.2.9 'Eotw p yétpo Lebesgue oto R xau v onueland pyétpo oto

0. Eexddopa plv. H napdywyoc Radon-Nikodym dv/dy (nou dev undpyet) eivon
YV0oth we d-cuvdptnon Dirac.
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Alopopior otov R”

To Yecdpnuo Radon-Nikodym pag diver tn duvatodtnta va oploouye wo aprn-
PNUEVT EVVOLa QUTY] TNG KTOEAY YOV EVOE TROCTUACUEVOL HETPOLN V WS TPOG VAL
pé€tpo p. Xe autd to xepdhono Yo acyorndolue pe v ewldnr nepintworn 6mou
(X, M) = (R", Bgn) xou 4 = m 10 pétpo Lebesgue. E8e pnopolue vo opicouue
gL katd onueio TAPAYWYO TOU V ¢ TPOS TO M PE Tov axbdiovdo tpdmo. ‘Eotw
6t B(z,7) n undha axtivog r yopw ond 1o & € R™. Oewpolye v tocdTnta

 U(Br)
) = 0 (B, )

6tav autd undpyet. (Mdhiota xdnotoc Yo unopoloe va ypnoyonomoel dAha cO-
voha avtl yioe Tt B(z,T), Tol OTOlo VoL SUPPLXVIVOVTOL GTO & UE €VAY QUOLOAOYIXO
Tp6T0. O eZetdoouye awTo To VP apyoTERA.)

Av v < m, dote dv = fdm, t61e N TocOTNTA

elvow amhd n péon T e f oto B(zx, 1), ondte unopel xavelc vo ehnilel étL F = f
ov.m. Oa Jolue 6TL autd elvon owoTéd und TNy npodnddeon bti to v(B(x,r)) elvan
TETEPACUEVO Ylal OAAL T T xou 6Aa Tat 7. BAémovtog pe autd tov tpdémo v f, do
umopoloe xavele va Yewpnoet ta Tapandvew we yevixeuon tou JepeAinddous Jew-
PMUATOC TOU AMELPOGTIXOU AOYLOUOU: 1) TopdY®WYOE TOU AOPLGTOU OAOXANPOUATOS
™me f (Snhad” Tou v) eivon m f.

I to undhoimo tou xeparaiou, oL GEOL KOAOXANPWOWOCH oL KGYEBOY To-
vtol» avagépovtan oto uétpo Lebesgue extdg av 1 datinworn whdel xadopd yio
X4moLo dANO U€TEO. Eexivaue pe eva TexVInd AMjupa Tou €xel aveEdetnTo evilagé-
pOV.

Avppa 7.0.1 Eotw 6t n € elvar ontowadnmote ouAdoyn) avoiytdy UTAADY 0TO
R™, ka1 éotw 61 U = UgeB. Av ¢ < m(U), téte vndpyowv By, B, ..., B, € C

dote Zlf m(B;) >3 "c.

Anédaén: Av c < m(U), ond to Bedpnua 5.1.1 undpyet éva oupnayéc olvoro
K C U pem(K) > c, xou éva tenepacyuévo thfidoc unahoyv otn C—Eotm oTL autée
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evar ot Ay, Ay, ..., A, —xolintouy 1o K. 'Eotw 6t n By elvon n yeyohitepn and
Tic A; (dnhadh 6L €xel T peyahdtepn oxtiva), €0t 6T N By elvon n peyohitepn
ano g A; mou elven E€veg pe v By, %A péypr va e€avtindel n oxoyevewn A;.
Av m A; Bev eivon wo amd i By, undpyel éva j wote A; N B; # 0 xou n axtiva
Tou A; elvou to mOAD exelvn tou B;. Omnéte A; C B}, énou pe B} ouvyfohiloupe
Y undho mou elvan oubxevipn pe TNy B; xou pe tpimhdow axtive. AN toTe

K C UjB}*-, ondTe

c<m(K) < Zm(B;) =3n Zm(Bj).

Mo petplonun ouvdptnon f : R™ — C Aéyeton tomxd ohoxhnpidoun (w¢ npog
T0 pétpo Lebesgue) av fK |f| dz < 0o yia xdde ovunayéc K C R™. LuuPolilovue
TOV YHPO TOV TOTXE OAOXANPAOGLLWY cuvapthcewy we Ll . Av f € L, z € R"
xou 7 > 0, opiloupe t0 A, f(x) va elvon 1 péomn T e f oto B(z,r):

1

A f(z) = W/B(m) f(y) dy.

Adppa 7.0.2 Av f € Ll ., n A, f(z) efvar ourexnis ws mpog r ya kdde z ka1
petpioun ws mpos x ya kde r.

Anddeitn: Ané ta anoteléopata tne Evétnroc 5.1 yvwpiloupe 6t m(B(z, 1)) =
cr™ émov ¢ = m(B(0,1)) xau m(S(z,7)) =0 émov S(z,r) = {y : |y — x| =r}.
Ané autd Eneton 6T Xp(z) — XB(s,R) OV-T- DG 7 — R, onéte N cuvdptnon
fB(w " f(y) dy elvon ouveyhc we Tpog r and To Vedpnua xVplapYNUEVNE oUYXMOTC.
‘Etoun A, f(y) =c1r ™ fB<w " f(y) dy eivan ouveyric we mpog to . Emimiéoy,

Arf(y) = cilrin/ gr(xv y)f(y) dy omou g, = X{(z,y): |z—y|<r}-
H g, elvar govepd petpiown, ondte n yetpnowdtnta e A, f éneton and to Yedd-
enua Fubini. I
Yn ouvéyela, av f € L opiCovye t peyionixn owvdptnon Hardy-Littlewood
Hf ye ™ oyéon

Hf(x) =SI>113A,~\f|(w) = sup |f(y)| dy.

ol
>0 m(B(:c,r)) B(z,r)

Abyw touv Muuotog 7.0.2, n HF eivon petprior agob o oploude tne Yo éueve o
{Sloc av madpvape to supremum pévo Tévew oto aptiuioyo Q N (0, co).

Oevpnpa 7.0.3 (To MevyiocTtind Oedpnua) Trdpyea otadepd C > 0 &-
ote ya des tig f € Li, ka1 dha ta o > 0 va wyda

mi{e : Hi@)>ah) < © [15@)]de
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Andbeén: ©étovpe E, = {x : Hf(z) > a}. Ta xdde x € E,, unopodue va
emhé€oupe 1, > 0 wote A, |f|(z) > a. O ynddec B(z,r,) xahintouy t0 E,,
onéte and to Afupa 7.0.1, av ¢ < m(E,) undpyouy T, Ty, ..., T} € E, dote o

, ; , k — r
undhec B; = B(x, Ty, Vo elvan Eéve xou >, m(B;) >3 "c. AN\ toTe,

3" & 3"
c<3nzm SEZ/ |dy<E |f(y)| dy.
1 /B,

R

Agrivovtog 1o ¢ — m(E,) @TIVOUpE GTO OMOTEAECUAL. |

Me outé o gpyaleio ota yépla pag, Uropolue va anodeifoupe Tpelc exddoelg
Tou Yepelwddoug Yewpfuotoc tou anelpoctxol Aoylouol, 1 wa toyvpdtepn and
™V GAAY.

Oewpnua 7.0.4 Av f € Ll ., tére lim, oA, f(z) = f(z) oxeddr ya kdOe
z € R".

Andbeén: Apxel vo deiouue 6t yia N € N, A, f(z) — f(x) oxedov yia xdde
z pe |z| < N.ANG v |z] < N xour <1 o tipée e A, f(x) e€optddvron ubévo
ané g Tipée tne f(y) yiet [y| < N+1, onéte avixadiotadviac Ty f e fXp(nvi1,0)
propolpe vao urodécoupe 611 f € L1.Av € > 0, anéd to Oedpnua 5.1.2 propolye
va Bpodye ot suveyt) ouvdptnon g dote [ [g(y) — f(y)| dy < e. H ouvéyewr tne g
ouvendyeton 6Tt v x&de x € R™ xou § > 0 undpyet r > 0 wote |g(y) — g(z)| < 0
onote |y — x| < 7, xou dpot

1

m(B(@r) <0

|4,9(z) — g(z)| =

/ (9(y) — g(x)) dy
B(z,r)

Onée, A,g(z) — g(x) xoddse 7 — 0 yio %dde x, ombre
liriljélp!Arf(w) — f(2)]
= lirgjélp\Ar(f —9)(z) + (4,9 — 9)(2) + (9 — f)(z)]
S H(f—g)(@) +[f — gl(x).

"Etol av

E, = { hmsup|A f(@)— flz)| > oz}
o

Fy={z:|f—gl(z) > o},

€)Y OLUE

5, cF/Zu{x H(f — 9)(#) > a/2).
A& am(F,) < f ()] dz < €, ondte and 1o yeyioTnd Jedpnua,

m(B,) < % 4 2
a «

Ened) to € Arav tuyoio, m(E,) = 0 ywo 6ha ta @ > 0, ohoxhnpdvoviog Tnv
am6delln. I
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Auté 1o Jedpnua uropel vo datunwdel xou g &g av f € Li ., T6Te

. 1 _
b ) fo, )~ S =0,

oxedov yia dha Tar x. Mdhiota elvan aAndéc xdm woyupdtepo: xavelc umopel va
Bdher amdAuteg TWES YECK OTO TORATAVG ONOXATIPOUO Xl TEAL Vol TAPEL TYEDOY
Tavtol ovyxhion oto pndev. Anhadn, av oploovyue to ovrvodo Lebesque Ly tne f
vo glvan To

. 1 _

ToTE €Y0oUpE To axdhoulo:

Ocwenua 7.0.5 Av f € L, tére m((L;)°) = 0.

loc’

Anddein: T xdde ¢ € C unopolye va eqopudooupe to BOetdpnua 7.0.4 ot
ouvdptnom g.(x) = | f(z)—c| onbdte Yo éxoupe dtt, extdc and éva undevixd chvoro
E

c)

1

ti o [ ()~ cldy = |f(@) el
=0 m(B(:r, ’I")) B(z,r)

"Eotw 6t 10 R elvan éva aprdunoo muxvé vrocivoro tou C, xou détovye E =

UeerE.. Téte m(E) =0, xaw av z ¢ E, yio xdde € > 0 unopolpe va SlohéZoupe

c€ R e |f(z) —c| <e wote |f(y) — f(x)] <|f(y) —c| + €, xou dpa

lim sup

el
r—0 m(B(l‘,T’)) B(z,r)

|f(y) — flz)|dy < |f(z) —c| + € < 2

Agoi 10 € tav tuyalo, ohoxinpwoaue TV amodelly. I

Téloc, Yewpolue ouxoyévelee cLVOAWY YEVIXOTEPES and Tic pmdAec. o wia
owovyévew {E,},., Borel cuvéhwv otov R”™ Mue 611 ouppikrdvetar opard oto
z € R™ av (o) E, C B(z,r) yioxdde r, xou (B) undpyel otoadepd o > 0, aveZdptntn
tou r, dote p(E,) > am(B(z,r)). Ta chvola E, Sev mepiéyouy amopaitnta To
8o to z. I mopddetypa, av U eivon onolodrrote cvoho Borel utocivoho tou
B(0,1) vote m(U) > 0, xu E, = {z +ry : y € U}, t61e n E, cuppixvidveTon
ouaAd oto . H teheutaia popen tou dewprpatog dlagpdpiong elvar 1 axdroudn.
Oempnua 7.0.6 (Aragpdpiong tou Lebesgue) Fowo éu f € Ll . Ia kd-
e © oto ovvodo Lebesgue tng f—ovykekpipupéva, oxedéy yia kdle x—éxoupe

. 1
l%m/&|f(y)—f(ﬂf)’dy:0
Kai

B )

lim - / ) dy = f(z)

yia kdOe oikoyéveia {E, },.q mov ouppikvdvetar opadd oo .
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Anédeién:
Io xdde o > 0 éyouye

ﬁ/}; |f(y)*f($)’dy

IN

e /. o= sl

1
) fy [0 T
Apa 1 mpwtn e&lowon énetan and To Oewpnua 7.0.5, xau 1 dedtepn Eneton dueca
and TNV TEATY. I
Emotpégpoupe oty perétn twv pétpwy otov R”. ‘Eva yétpo Borel v otov R™
Yo Méyeton kavoviké av (o) v(K) < oo vy xdde ovunayée K, xa (B) v(E) =
inf{v(U) : U avoyt6, E C U} v xéde odvoro Borel E. (Ztnv nporypotins-
o ) ouvdinn (B) unopel va amodeiydel and v (o), ahhd mpog To mapPdV TNV
dratumdvoue we unddeon). Hopatnpolue 6Tl and v (o), xdde xavovixd pétpo
elvon o-nenepaocuévo. ‘Eva npoonuacuévo pétpo Borel v Go Aéyeton xavovixd av
vt xou v elvan xovovixd.

Oeswpnua 7.0.7 Eotw 6t to v elvar éva kavovikd mpoonuaocuévo uétpo Borel

otov R"™, ka1 éotw énr dv = dA+ fdu n avanapdoraon Lebesgue-Radon-Nikodym.

(Omdre X L p ka1 f € L} .) Téte ya oxeddv kdde x € R"™ (wg mpog to pétpo
u), wxve

v(E,)

0 u(E,)

= f(z)
ya kdOe oikoyéveia {E,} nov ovppikvdvetal opeAd oo .

Andédeaén: Aev elvon dboxolo va emPBefoudoet xavelc 6Tl To pétpo fdu elvan
xavovixd xou €tol efvon xan To A. Adyw tou BOewprjuatog 7.0.6 apxel va dei&ouyue
6T av To A glvon xavovind xou A L p, téte p-oxedov yia xdde x, A(E,)/pu(E,.) — 0
xodde 7 — 0 dtav ta B, ouppixvedvovtal opaid oto x. Enlong apxel va ndpouue
E, = B(z,r) xou vo unodécoupe 6Tt 0 A elvon Yetind, oot yio xortdhinio o > 0
EYOLUE

AE) | o AE)  P(Bla,r) _ [M(B(z,7))

)|~ wE,) — wE) T ap(Blz,r)

Trodétwvtac 6t A > 0, éotw 6Tl T0 A eivon éva oGvoho Borel mou ixavomolel tny
A(A) = u(A°) =0, xou éotw 6TL

_ e AB(@ ) 1
Fk—{xeA 1 THOPM(B(Z‘;T’)) > k}'

Ou deiouvye bt u(Fy) = 0 v x&de k, xou avtd Yo ohoxhnpidoel Ty omddeiln.

To emyelpnua eivon Tapduolo pe v anddelln tou peylotixol Yewphuatoc.
Anb v xavovixdtnta tou A, dodévtoc € > 0 undpyet avolyté obvoro U, 2 A
dote A(U,) < e. Kéde = € F), eivou xévtpo pioc pyndhac B, C U, dote A(B,) >
k7'u(B,). Ané to Afupa 7.0.2 v V, = Uger, By ¢ < pu(V,) umdpyeL o4, ..., Ty
WoTE T B, ,...,B;, va elvar Eéva xou

N N
c<3"y (B, ) <3k Y AB, ) <3"kA(V,) < 3"kA(U,) < 3"ke.
j=1 j=1

Yuprepaivouue bt p(V,) < 3"ke, xou ool Fy, C V. xau o € frav tuyoio, u(F) =
I






Kegpdhoao 8

Ytolyela Vewplag
TLIAVOTHTWY

H Yewpia miavotitwy avantiocoetoun oe éva ywpo pétpou (X, M, p) 6mou
(X)) = 1. "Evac tétoloc x0poc pétpou ovopdletar Yhpog pétpou mdavdtntog xon
0 pétpo p pétpo mbavotnroc. Ilopdha avtd Sev elval 6woTod Vo GuUUTERAVEL XOVElC
ot 1 Yewplo mdavoThTwy elvar unoxhddoc tne Yewplag u€tpou, aPold oL XEVTEKES
18€ec xon oL TeVIES elvan Eeywplotég xou Wlaltepeg and autée e Yewplog uétpou.

8.1 Boaowxéc évvolec

H Yewpio mdavotitwy €xel ™ dxr) tne opoloyia 1 omolo avamtOydnxe mpLy

T Yewpla pétpou. I autd Yo yenotponololue ) duxry Tng opoAoyia.

Oewplo Métpou

Oewpla mdavoTitwY

Xopog pétpou ye ohixd pétpo 1.
SupBoiopodc: (X, M, 1)

(0)-6hyefBpa
Metpriowo cbvoro

Metpriowrn mpaypaTiny) cuVaETNo).
Tumxd cOuBoro: f

Oroxhfpwpa e f. SouPoro: [ fdu
L -ouvdptnon

Y0y¥Mon W TPog TO UETEO
Yyedbv tavtol (on)
Borel pétpo mbavotnrag oto R

Metaoynuatiopde Fourier (uétpou
oto R)

Xopaxtnetotixy cuvdetnom

AgiydoTinog Ywpeog 1 X0eog
mdavétnrac. Xupfoiiopoc:

(2, B,P)

(0)-BaxtONog

Evdeyduevo

Tuyalo yetafBAnt. Tumixd cbuBoro
X

Méon Ty, podnpatind eAnida g
X. X0pBoro E(X)

Tuyalo yetaBAnTy pe menepacpévn
p-pomh (moment)

E0yxhion we tpog mdavétnta
Yyxedbv olyovpa (o)

Katavoun

Xopoxtnetotixy cuvdpTnon
(xatavounc)

Acixtplia cuvdptnon

Y dewpla mdavotitwy cuviing Bev ypdpouue Ta 0plOUATA TWV CUVAPTHOEWY
(mou tpa Aéyovton Tuyaiec petointéc). ‘Etol 6tav ypdgpouue {X > a} evvoolue



60 - Xtouyeia Yewploc mdavotitwy

To evdeydpevo (dnhadh to petphowo ovvoro) {w € @ : X(w) > a}. 'Etol 10
P{X > a} elvou n mbavotnra 1 tuyaio petaBinth X va elvon yeyohltepn ané a,
dnhadr| To pétpo Tou cuvdrou {w € Q : X(w) > a}. Tevixdde Ya ypnoiponolovue
™ YAOOooA TV mdavoThTwy extdg and To 6TL Ya npoTipdue va Aéue 6Tt pio Tuyador
petoSAnTh elven L.

Ogiowoe 8.1.1 Av n X elvar L, tuyaia petafAntn, tdte efvar ka1 Ly tuyaia
petafAnth ka1 n péon nuun s E(X), 6nkadn n noodtnta

Lﬂmmm,

efvar kaAd opwopuévn. H L, vépua tng tuxaias petaintis X — E(X) ovoudletar
tumkh anékhion tng X (6nAadn tumkn andkhion tng X and Tn péon tunis tns),
kat to tetpdywvo avtrs tns vépuag ovoudletar Saxuavon tng X. I'pdgovue

o(X) = (B|X —E(X)[2)""*

Kai
2

Var(X) = 0%(X) = E|X — E(X)|? = E(X?) — (E(X))
avtiototya.

Ou ypetaotovue TNV axdroudn xataoxeun. Av €youpe €va ypo miavoTnTag
(Q, B,P), éva yetpfowo yopo (2, B’) xou wo anexévion ¢ : Q@ — Q' téte opi-
Cetan ot mdavotnra P, otov yapo (2, B’), 1o «push forward-pétpor, Hérovrag

— —1
P, (E) = P(p™ ' (E)).
To 6t to P, elvou mpdrypom petpo mdoavotnrag mpoxdnteL dueca and to 6T 1 ot
avTILETATIOETOL UE EVEITELS XolL TOUES.

IIpotaom 8.1.2 Me tov mapandvew ouvufolioud, av n f : @ — R elvar pa
petpriowun ovvdptnon wte [, fdP, = [, (f ) dP epdoor ka1 Ta &o odoxAn-
papata vrdpxouvy.

Anédaén: Av 7 f eivan 1 yapaxtnplotixs) cuvdptnon xg Y E € B’ 1o {ntoduevo
elvou amhg o oplopoe tov Py, agold x g o ¢ = X1y [l T0 YeEVixd anotéheopa
XPNOWOTOLOUUE YRAUUUXOVE GUVBUACHOUE Xot TalpVOUUE bpld. I

T xdde tuyaio petaBint) X otov £ to pétpo Py eivon éva Borel pétpo
mdavétntac to onolo ovoudleton katavour e X, xou 1 cuvdpTtnon

F(t) =Px((—o0,t]) =P(X <t) =P{w e Q : X(w) <t})

(n omola xadop(ler to pétpo mdavétnTag Py olupuve ye to Oedpnua 2.2.2)
ovoudleton ovvdptnon katavouns e X.

Tevixotepa, av X; : @ = Ry j = 1,2,...,n opiloupe 10 ty)aio sidvvoua
X = (X1, X,,...,X,) : & = R™ xa 10 pérpo Py otov R™ ovoudleton and
KowoU katavour) twv X, Xy, ..., X,,. H xatovoun 1 n and xowvod xatavoun yio
nepioodTepeg amd Wia Tuyaleg wetofAnTté elvan yeriown ywtl pye ) Bordeld tng
anodewxvioovtan ddpopee WOTNTES. ‘Etol av X, Y : @ — R tuyaleg petafAntée,
ané tnyv Ilpdtaon 8.1.2,
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e wp=X:Q->R=0Q"xu f(t)=¢t: ¥ =R - R, t61¢
E(X) = / X dP(w) = / LdP ().
Q R
e wp=X:Q->R=0Q"xu f(t)=t—E(X) : @’ =R - R, t61e
Var(X):/\X—IE(X)|2dIP(w)=/|t—]E(X)|2dIPX(t).
Q R
e wp=(X,Y): Q= R2=:Q xau f(t)=t+s: Q' =R? 5 R, t61¢

IE(X+Y)=/

(X 1Y) dP(w) = / (t+5) APy y) (1 5).
Q

R2

Anhady) 1 YVOon e and xovol XATavouhc WS ETUTEENEL TOV UTONOYLONS TV
TUEUUETEWY TWV TUY AWV UETABANTOY WG OAOXATPWUATA OE TEAYUATIXOVE X WEOUS.

Opiopog 8.1.3 Aéue du pia oikoyévea tuyaiowr uetafnedr {X,} efvai woka-
taveunuévn av 6Aes o1 X, éxovy tny o kavavourj, dniadn av wxva Py =Py,
yua kdUe a, b.

Y1 Oewpia ITtfavothtwy gio and TIC ONUAVTIXOTERES EVVOLES Elval aUTH) TNG
(oToyootxic) avelaptnoioc. Ac vnodéooupe étL o evdeyduevo E otov xdhpo
ndavétnrac (Q, B,P) éxer Jernh mbavétnra: P(E) > 0. Edxoha PAéner xaveic
o 1 nocodtnta P (F) = P(E N F)/P(E) opilel éva pétpo mdavodtntac to onolo
ovopdZeton mdoavétnTa dodévtog tou E A mdavotnta und ouviixn (tn cuvdrxn
¢ Befoudtnrag tov E). Hpdxertan dnhady yio v mdavdtnrta vo cupPel to ev-
deyduevo F Sodévtoc 6TL to evbeyduevo E ouufaivel ¥dn. Av auty n mbavétnta
elvan {on pe v P(F) téte Mue 6T to evdeyduevo F elvan aveldptnro tou E.
"Evac dAhoc tpbdmoc va neptypddouye v aveaptnoia tov F and to E eivon va
ToVUE OTL €TO TOG0GTH TOV UETPOL Tou to F xatahouPBdvel péoa oto E eivan ico
HE TO T0C00TSH TOu PETPOL Tou xatahaufBdvel To F' uéoa otov §) (Tou €xel pétpo
oo pe 1)». Avth n ouvdixn elvon loodOvVaun pe To va Loy Vet

P(ENF) =P(E)P(F).

H oyéon aut elvon ouupetpun wg npog E xou F, xou étav elvon ahnidfic ouvend-
yveton 6t xou o E elvou ave&dptnto tou F. Enlong éyet vomuo axdua xou 6toy
P(E) = 0.

Fevixdtepa, wa cuAhoYT evdeyouévwy (B, ) ca MyeTto aveldptntn ov

n

P(E,, N..NE, )=[]P(E,)

j=1

Y10 OTOLAONTOTE DIUXEXQUEVA @y, ... , G, € A xou yio xdde n € N. ITopatnpoiye ed¢d
oty voeivon T (E,) 4e 4 aveEdptnto dev opxel vo eivan avd 800 aveEdptnta (deite
Aoxnon1). Opiloupe enione 6T ta otxoyeévetla Tuyaimy UETOBANTOY (X, ) geca OTOV
xweo miavétnrag (2, B,P) héyetan aveldptntn av ta evdeyoueva {X, € B,} =

X, 1(B,) eivou aveEdptna yia omotadhnote Borel unocivola B, tou R. Autd
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ouvifn propodue va T yeddoupe xan we e€hc: ypdpovtac X yio TV Xaj oL
(X,)aca Elvan aveZdptnrec av
(8.1) [IP(X;1(B)) =P(X7'(B) N...Nn X;1(B,)).

j=1
Mopatnpolpe topa 6t w € N X;H(B;) av xau pévo av X;(w) € B; yia xdde
j=1,..,n, av xu pévo av (X;(w),..., X, (w)) € By X - x B,, dnhadf w €
(X1, X,,) " H(By x -+ x B,,). Apa 1 (8.1) ypdopeton

n

(8.2) [IP(x;1(B)) =P((X;, ..., X,) (B, x - x B,))

j=1

1o X (Br X X Byy).
AN

—

T[(x;1(B,) =

J=1 J=1

Py (B;) = (ﬁ]P’X]) (B; x - X B,,).

J=1

Agol ta B, elvor onowadfnote ohvoha Borel, autéc oL nocdtnreg elvan ioeg av xou
poévo av

n
P(le"'axn) = H PX]“
=1
Anhodi, o1 Tuyaies petaBAntés (X, ) ca €lvar aveldpTnres av ka1 pévo av n and
K000 Katavoués omowudnmote memepaouévov mAnfovs amé avtés wovtar pe To
YIWOUEVO TV KATAVOUWDY TOUG.

IMpétaon 8.1.4 Eoww éu o {X,,; : 1 < j < J(n),1 < n < N} evar a-

vekdptnres tuyates petaPAntés kar éotw ém o f, : R/™ — R efvar Borel
uetpnjoues ovvaptioes yia 1 < n < N. Tére o1 tuyaies uetafAntés Y, =
[ (X1, Xngy s Xpgmy) yia 1 <n <N efvar avebdprnres.

Anédaén: Tan = 1,..., N détovue X,, = (X1, Xpoy oo s Xpyn))- AV By, ..., By
Borel unoctvola tou R npénel va detovpe dti tar evdeydueva

Y, '(B,) = (f,°X,) " (B,) = X,* (f,(B,))

elvow aveZdptnra. ‘Onwe xou (8.1) xou (8.2) éyouue 6Tt

(Y1’~'7YN)71(Bl X X BN) = ﬁ Ygl(Bn)

Omndre

]P(Yl,...,YN)(Bl X - x By) =P((Yy,...,Yy) "' (B; X - X By))
= P((Xh s XN)THTH(BY) X e fﬁl(BN»)

_ —1 —1
= IPD(Xu,...,XU(U,XZI,...,qu,(z),...,XNl,...,XJ\,JU\”)(JH (By) x - x fy'(By)),
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xou 1) TeAeutade Adyw e aveloptnolac twv X, 1oo0Ton pe

(HHPX) TL(By) x - % fiH(By))

n=1 j

=

N J(n

(117~

N J(n)
= /Xffl(Bl)(mllv-u7$1J(1))"'Xf;l(Bn)(lev---axNJ(N))d (H Pxnj> .
n=1 j5=1

Ané 10 Oewpnua Funini v tehevtaio nopdotacy elvou lon pe

N J(n) N J(n)
U/Xf;l(sn)(CUMw-w Tng( n) ( HPX ) = H ( H]P)an(fﬁl(Bn)))

:/Xfl_l(Bl)X~“><f]_vl(BN)(l‘ll’""le(l)""’xN17" l'NJ N) d

n=

=

<

Iz -]
=05

Anhadh Py, y (B X X By) = HnN:1 Py (B,), dpa o Y,, eivou aveldptntec.

n

Opiopdg 8.1.5 (cuVvENEN pétpwv) Av ta py, j = 1,2,...,n evar pépa
Borel ato R opilovpe to puérpo ovvéhién pq * g * - * b, va divetar ané tov timo

s (B) = [ [xplts o) din(0) et ().
IIedotaon 8.1.6 Av o1 X4, ..., X, elvar avebdptntes tuyaies petafANTES, ToTe
]:PX1+---+Xn = ]P)X Xk eee *PX .

Anébetn: ©étovue T'(tq, ..., t,) :ZJ 1t Pavepd X+ + X, =To(Xy, ..., X,,).
Apa

Py, sex, (B) = Prx, .x,) (B) =B((To (X, .., X,,))

= P((Xl aXn)_l(T_l(B))) = P(Xl,m,xn)(T_l(B))

[0

1

/ / By (t1, s ty) dPx . dPx

xou eneldh (1, ..., t,) € T H(B) av xou pévo av Z ,EB

~-~/XB(t1+~~+tn)d]P>X1 dPy

=Py, *xPx .
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ITpbtaon 8.1.7 Eoww 6t o1 X4, ..., X, elvar avebdptnres tuyaies petafAntés.
Av X; € Ly yw xdOe j, tore H;L X, € Ly ka1
E ( HXj) = [[Ex,).
j=1 j=1
Andben: T f(ty,...,t,) = H;l:l |t;| woyler H;L:1 1X;| = f(Xq,..,X,). Apa
ané v Ipdtaon 8.1.2 woylel

/fd]P’(XM.’Xn) :/fo(Xl,...,Xn)d]P’z/H\Xj|dP=]E ( H|Xj> .
J=1 j=1

Apa ypnowonoldvtag Tpata v aveloptnola twv X; xu otn cuvéyelr 10 Oe-
enua Fubini nalpvoupe

E (H|Xj|> - / fdPL  x)
j=1

Suverde H;;l |X;| € L' xou dpa H;L:l X; € L'. To idio emyelpnua xwelc tic
anéiutee Tipéc divel to {nrolyevo. |

ITépiopa 8.1.8 Eotw dt1 o1 Xy, ..., X,, elvar ave€dptnres Ttuyaies petaPAntés.

Av X; € Ly yu xdbe j, tére 0*(X; + -+ X,,) = Z::1 o*(X;).

AnédeiEn: Oétovtog YJ = Xj — IEXj autéc elvon aveldptnrec and v Ipdta-
on 8.1.4. 'Etol, enewdf) EY; = 0 ouvunepaivouye 61t E(Y;Y;) = EY;EY; = 0 yw
x&de i # j. Apa

o2 (Xy 4+ X)) = E([(Xy + -+ X)) —E(X) + -+ X,,)[?)

E(((X; —EX)) + -+ (X, —EX,))")

n n
E((Y,++Y,)?) =) EY?+2) E(Y;Y;) =) EY?
J=1 j=1

Jj<i
> (X))
=

I

H aveCaptnoio elvon wa mohd amantnunr] Widtta. o napdderypa, av on X

xou Y elvon aveldptntee tuyaiec petointéc oto R, ye E(X) = 0 o f wo Borel

HETEMOWY TeaYHaTIXY] ouvdpTNnom WoTe 1 f oY va elvar oAoxAnpewaolyr, t6te and
v Ipdtaon 8.1.4 ov X xou f oY elvon ave€dptnteg, ondte

E(X(foY)) =E(X)E(foY) =0.
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Anhadh n X eivan opdoywvia oe kde ouvdptnon e Y. Autog elvan xaw o Aéyog
nou elvan d0oxolo va xataoxevdoel xavelc wa axohoutia aveEdptnTwy Tuyaiwy
peTaBAnTodv axdua xou oto [0,1] pe to pétpo Lebesgue ypnoylomoudvros owxeieg
CUVOPTHCELS altd TOV ATELPOCTIXNG AOYLOUO.

IMopddeiypa 8.1.9 (cuvapthoeic Rademacher) Ta x&de n € N opilou-
pe t n-otn ouvdptnon Rademacher r,(z) = signsin(m2"x). T nopdderyua,

1 avz e 0,% 1 avze (0,3)u %
Tl(x):{ (0,3) 1"2(.10):{ 0,7)u(3%)

1
29
1 wvae (b 1 wvae (13U

—_

7‘(3:):{ 1 wze(0,3)U(3u(ddu(tl)
TN mee UGB DUEDUGY

878
Ou ouvaptoelc autéc eivon aveddptntec. Hpdypatt, ehéyyoupe ebxoha 6T P(ry, =
1) =P(r, = —1) = 1/2 yio x&de k € N. Enione v xdde ky < ... < k, € N o
v xdde mpoonuo 6; € {—1,1} 1oyler

P(ry, =01 xoury, =0y xou .orp, =6,) = .

}'Ipowpom, i = 2 oe xou‘)’s SLocomp’oc oto onolo n 1y, elvon fom pe 0y n g, elvon
{on ue 0y oto wod and autd. Anhadh

1
P(ry, =01 xou ), =6,) = 1

xai cuveyiCoupe emaywyixd.

Hapatneolue tdpa 6T yia xdde odvoho Borel A tou R woyler rit(A) =
R (AN {—1,1}), xu ouvvenie o éheyyoc tne avelapinoioc apxel vo yivel yo
obvoha A g popphc @, {—1}, {1} xau {—1,1}. ANN& xdde 7, diver Twéc pe
Befoudtnra oto {—1,1} xou moté oto (. Tuvenme apxel o éheyyoc va yivel yia
obvoha A g poperic {—1} xau {1}. "Evo, apxel vo del&oupe 6Tt

n
IP’(?“,Cl =0; xau Th, = 0y xou Ty, = 6,) = HP(Tkj _ 9]')7
1

[
Il

Yuo onotadrinote npdonua 0. AN awté elvor Tpogavés, apol amd ey Exoupe

1 n
P(ry, =6 xoury, =0, xu ...rp, =0,) = o = HP(Tkj =0,).
j=1

O amholotepog tpdToc Yio va doYolv Teplocdtepa napadelypata aveaptnolac
elvar oe ydpoug yivouevo. Ag unodéoouue 6T 2 = ) x ... x Q,, B = B, ®
- ® 3B, xau P =P; x ... xP,. Onoecdinote tuyaiec yetoPintéc Xy,..., X,
oto () 6mov N X; eaptdron uovo ond TN PETABANTA TS j ouvTETaYpEVNG Elvou
ave&dptnree. Hpdypatt, ypdpoupe xdde X, we obvieon pioc f; xa e mpofoirc
oV j ouvietaypévn, dnrodh X; = f; o proj;, ondte ioyvet

(8.3) (Xp, o, X)) 7H(By X o X B,) = fTH(By) X o x f771(B),



66 - Ltouyeia Yewploc mdavotitwy

xou dpar

Pix,,..x,)(By X . X By) =P (f7(By) x ... x fz1(B,))

(8.4) = (ﬁ}P’Xj> (B; X ... x B,).

O (Biec 1déec umopovv va Aettoupyoouy xau yia drelpo TAdog uetofAntddv topdho
Tou 1 ano6delEr elvon TOAD To amonTNTIXY.

Ye éva tonohoyixd ydhpeo opileton BePoiwe 1 évvoia tne Borel o-dhyeBpoac By
w¢ N o-GhyefBpa Tou mapdyeTal and To avolxTd cUvoAla Tou Yweou. ‘Eva Borel
ué€tpo p otov X Aéyeton efwtepikd kavoviké oto olvoro E av

w(E) = jnf{,u(U) :UDFE, U owom‘té},
X0l ECWTEPLXA XAVOVIXS 0T0 E av
w(E) = sup{u(F) : F C E, F ouvunoyéc}.

Av 1o p elvan e€wtepd xan ecwtepd xavovixd ot xéde clvoho Borel téte ovo-
pdleton kavovikd pérpo. To va elvon éva uétpo xavovixd elvon apxeTd amontnTixy
ouvihixn. Mia o «yoahapn» amaltnon eivon éva pétpo va elvan «uétpo Radony: Aé-
ue 6t To 1 elvon uétpo Radon otov X av elvon yétpo Borel otov X, nencpacuévo
ota ouunayy cOvoha, e€wtepnd xavovixd ot chvola Borel, xan ecwtepind xavo-
vix6 ota avoxtd. Oa deifouvue apydtepa 6Tl Too Radon pétpa elvon xan ecwtepind
XAVOVIXA EQOCOV E(VOL T-TETEPATUEVAL.

"Evac tonohoyixde yhpeog X Ayetaw xapos Hausdorff av vy xdde z,y € X
urdpyouy avouxtd Eéva civora U, V dote . € U xou y € V.

To axdrovdo Yewpnua Yo anodelydel uetd tn uerétn twv uétpwv Radon. Ilpog
To mapdy poc diver andvinon oto av undpyet (dmepn) axoloudio aveldptnTev
Tuyaiwy ueTaBAnToY.

Ocenpa 8.1.10 Eotw dut o1 2, ya a € A efvar pa owkoyéveia ovunaydy
xopwy Hausdorff, ka1 yia kdOe a éotw én to P, elvar éva Radon uétpo mbavi-

tntag otov Q,. Tére vndpyer povadiké uérpo Radon P otov Q=[] _, Q, dote
10 omowadnmote dakekpipuéva a a, € A n axdva tov P orov xdpo [[;_,
Y n P 1y ®n n X@p j=1""a;

pe tn ovvnin npoPodij etvar to ywipevo twr P, ..., P

TTapatnpotpe €dd 6TL 1 analtnon va elvan ot yweor 2, cuvunayelc dev yog
eunodilel va eQopUOCOUPE TO TaPATEVL VEWMENUA OE U1 CUUTAYE(C XDPOUS, OTWG
oto R, agol pnopolue va e@apudcovpe o Yempnua otn cuunayonoinon (xatd
Alexandroff) tou ympov, ¥tovtac P,({oo}) = 0. 'Etor pe Bdon o napamdve
Yedpnuo xou ) oulhtnon nou éyive otic oyéoelc (8.3) xau (8.4) pmopolue va
éyoupe ooecdiinote aveldptntes Tuyoies LETABANTES Ue Tpoxadoplouévn xatavouy
oto R.

TN mopdderypa, ag unodéoouue 6Tt B€houue va Bpolue tuyaieg aveldptnTeg
petoPAntéc X, and éva yopo miavéttag £2 oto R mou va €xouv dheg xatavoun
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TV Yxaouslav 7, 6mou v(A) = /21 ! fA et*/24t Qétovye Q, = R*, 6mou R*
n xatd Alexandroff cuunayonoinon tou R pe to yxoouolavéd pétpo v Ftovtag
7({oo}) = 0. Lbpewva pe to nopandve Jewpnua to obvoro Q = [ Q, epodidle-
Tan pe (povadixd) pétpo mdavotntog P ue tic i tnTe Tou neplypdgel To Vemprua.
OpiCoupe X, : Q@ — R ¥étovtoc X, ((w;)icn) = W, Y10t X80€ (w;);ca € Q. Aol
70 P olugwva ye to napandve Yedpnua, petd v mtpofoln ato H;;l Q,, otk
Cetan e To H?zl P,, cbugwva ye ) oulhtnon mou pag odfynoe o ayéon (8.4)
oi X, eivar ave&dptnree (X, = f, o proj, ue f,(z) = ). Téhog elvon 6hec Toug
YXAOUCLOVES, Aol
Px (E CR*) = P(X;'(E)) = P(proj; ' (E) C Q) = P,(E) = 7(E),

OTOU TNV TPOTEAELTAL LEOTNTA YENOLUOTOooHE To TeEAeuTalo Yedpnua e n = 1
xa a, = j.

8.2 O vopog Twv REYIA®Y AptOu®y

('-)t-:o')pm,tcx 8.2.1 (AcYevic vopoc twv peydiov aptdpay) Fotw dun
X, etvar pia axolovdia azxffapmrwz/ ‘CUXLlle yetaﬂ)kntwu otov Ly pe péoes tiués

W, kar Saxvudvoeas o2, Ay lim,_,  n~2 ZJ 1 a] =0 tdte
1 n
P (’EZ(XJ.%) > e) =0
j=1
kaOd¢ n — 00.
Anédeén: Mapatnpodue 6t E(n! EJ (X — ;) = 0 xou Moyw tne aveloptn-
olac,
2 (15 1~ o
g EZ(X]'_NJ‘) = ;Z%-
j=1 j=1
Apa
2
i n02-=IE<lzn:(Xz,u-)> >/ €2
2 J iTHy = i
"= = {In= S Xy}
dpa

1 n
2
>e) < 33 E o — 0.
=1
|

A¥ppa 8.2.2 (Borel-Cantelli) Eotw du ta A, elvar a axolovdia evdexo-
Hévwy. Ay Zzozl P(A,) < oo tére P(limsup A,)) = 0. Av and tnv dAAn uepid
ta A,, elvar avebdptnta ka1 ZZO:I P(A,,) = co tére P(limsup 4,,) = 1.

Anédeién: Enewdn limsup A, = N2, U2 . A, o éyxoupe

o0
P(limsup 4,) <P (U A Z
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xodoe k — oo.

Enewdn (limsup 4,,)° = U2, N2, A? oapxel va dei&oupe 1t P(N2 L AS) =0
v xdde k € N. A& ta A, efvon ave€dptnta and onou edxoha tpoxdnTel 6TL Xou
ta A5 eivon aveZdptnta (Aoxnon 1). Apa vy xdde N € N ioylel

P (N3LkA7) (1-P(4,))

[
s

3
Il
=

“P(A) — o~ Sl B(AL) )

IN
8
aQ

n=~k

xadog N — 00, ONOXANEMYOVTOE TNV an6den. |

ITpotaom 8.2.3 (Avicoétnta Kolmogorov) Eotw dut ot X4, ..., X, elvar a-
vebdptntes Tuyaies petaPAntés péons nuns 0 kar ue Sukvudvoeag o3, ..., 02,
Av S, = X, + -+ X, t6te ya kdOe € > 0 10x Vel

1 n
]P’(max [Sk| > e) < G—ZZO']%.
k=1

1<k<

Anédeitn: Oewpolye to ohvora
Ap={w [Sj| <evaj=1,....,k—1xu|S;| > €}

Davepd autd eivor peta&ld Toug Eéva xou

n

U 4y = {w : max|S;| > €}

Apa
n 1 n
]P’{m;;mx\SM > e} = ZP(Ak) < —QZ (Xa,S7
k=1 k=1
apoV fAk S2 > e2P(A,). And v &N,

E(S2) 2 ) E(xa,52) = D E((xa, (57 +284(5, — 5i) + (S, — $1)%))

n
k=

3 =

M 0

> > E(xa,S7)+2) E(xa,Sk(S,—5k)-

=1

b
Il

—
£

Av tiypa del€oupe 6t E(x 4, Sk (S,, — Si)) = 0 t61e Yo €xoupe Seiler 6

P{max \Sk|>e}< E52 —Z

1<k<n

ohoxhnpwvoviac Ty on6delln. AANG M petaBAnTh x4, S Elvar cuvdptnon Twv
Xq, ., X evod S, — S, elvon ouvdpnon twv X, 4, ..., X,,, ondte eivar aveldp-
TNTEG, XU CUVETADCS Loy VEL

E(xa, Sk(Sn — Sk)) = E(xa, Sk)E(S, — Sk) = E(x4,Sk) - 0=0.



8.2 O vépoc twv peydiwv Aprdundy - 69

Oedpnua 8.2.4 (Ioyvpdc vopog twv pweydiowy aptdudv tou Kolmogorov)
Foww 6ut n X,, €lvar pa axorovdia avebdptnrwv tuyaiwv uetafAntody otov L.,

pe péoes Tués p,, ka1 Sukvudvoeag o2. Av Y 262 < 0o téte n axolovdia

n=1

%Z(Xj - Nj)

j=1
ovykAiver ato 0 axedov ofyovpa ya n — oo.
Andbeaén: Oétoupe S, = Zzzl(Xj — ), xou vl € > 0 9étoupe
1 ‘ k-1 k
Ay ={w: =|S,| = € yio xémowo 2871 < p < 28}
n
Yto A, wyvel |S,| > €281 yia xdmoto n < 2%, Anéd tnv aviodtnta Kolmogorov

P(A,) <P{ max |Sn|2en}

2k—1<n <2k
2k_1 2k
<om O RS g 20
en® o €’4 —
Apa
219
1

omou N oAAay TG oElpdc ddpolomg YIVETOL EOXONN XENOWWOTOLIVTAG YOPAXTNEL-
otxéc ouvaptioels (xou To Yedpnua Tonelli):

oo 2k 1 oo 00 1 o) 1
DD =2 > X M ggpon Y > X, vy (1) zpom,
k=1 n=1 2 k=1 n=1 2 n=1 k=1 2

Ao TUPATNEWVTAS 6TL X1 ok1 (1) = 1 av xou uévo av k > log, n.

Ané to Afppo Borel-Cantelli cuunepaivouvye 6t P(limsup A;) = 0, Snhoady
oyedév oiyouvpa |S,|/n < €. Apalimsup, |S,,|/n < € oxeddy oiyoupa. Emhéyouue
wéhoc € = 1/k xau dpo 1o oivoro By, = {w : limsup |S,|/n > 1/k} éxe
mdavétnta undév, ondte P(UyBy,) = 0, dnhady limsup,, [S,,|/n =0 c.c. I

Oedpnua 8.2.5 (Ioyvpdc vopog twv peydiov aptdudy touv Khinchine)

FEoww 6ut n X,, €lvar pa axodovdia avebdptnrwv tuyaiwv uetafAntody otov Ly
pe Ty o puéon tun p. Téte n axolovdia

1 n
n 2%

ovykAiver ato p oxedov afyovpa yia n — 0o.
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Anddaén: Avixahotoviag tic X; pe tic X; — p unopolue va unodécoupe ywpic
BAEBN e yevixotnrag 6Tl 4 = 0. ‘Eotw 6Tl n v elvon 1 xowvr xatavoun twv X .
‘Etou (anéd v Hpowon 8.1.2 v f(t) = [t| xou ¢ = X)) éyoupe [ |t|dv(t) =
E|X;| < oo xau [tdv(t) = E(X;) = 0. ©étouue

Y. =

{Xj av | X, < j
J

0 AAALDC.

"Etol éyoupe

S P, £ X} = iP{Ile S )= iP{X;l{t > 3}

Py {t : |t >j} = Zv{t t] > 5}

Jj=

7 2

govit i<t <j+1}

oo

<

S~

v{t : |t| > s}tds = / [t] dv(t) < 0.
Apa ané to Afupa Borel-Cantelli

P(limsup{w : Y;(w) # X,(w)}) = 0.

Arjhod,
P(limsup{w : Y;(w) = X,;(w) vt peydha j}) = 1.

" ; / , 1
Suvenne apxel va delloupe 6Tl n ZFl Y, = 0o.0.
TN g Y €youvpe

[t|I<n
Apa
S Law) <SS L T an
o1 n=1=1 "V Jj—1<it<y
oo n J
<SS E [
n=1j=1 " Jj—1<t|<j
o0 n j
<> ) o,
j=1 n=j 1<|t|<j

Enedn todpa ZZO:J 1/n? < 2/j ouyxpivovtag ue to fjoo 72 dx, xaTahYOUUE OTNY

3 %&(Yn) < 2[ it du(t) < oo,
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Apa amd Tov 1oYUPd VOPO TV peydhwy aprdpay v p; = E(Y;) woyle

1 & 1 &
;ZYj_ﬁ;“j_)O

J=1

oyedbv oiyovpa. ANKG and to Oedpnua Kuplapynuévne Loyxhone

ujz/ tdu(t)—>/ Fdu(t) = 0,
[t|<j —o0

onéte n ! Z?:;L pj — 0, ohoxdnpwvovrag v anddell. I

14
Aoxfoeg
(i) Amodeilte btL av To evdeydueva Ay, ..., A, elvon aveldptnra téTE Elvon ave-
Edotnta xou T AS, ..., A%, amodexviovtag mpdta 6t Tar Ay, ..., A, 4, AS

elvon ave&dptnta, xou cuveyilovtac e emaywyy.

8.3 To xevipwxd oplaxd Jewpnua

"Evag Tomohoyxde ywpog X Aéyeton tomxd ouumayng av xdde onueio x € X
éyel wa ouvunoyn meptoyn. Anhady, undpyet ocvunayéc K C X wote z € K°.

Aépe 6tL wa ouvvdptnon f : X — R undevileton oto dnelpo dtav yia xdde
€ > 0 to obvoro {z : |f(x)| > €} elvou ouprayéc utosvvoro Tou X.

Oétoupe

Co(X)={f €C(X) : f undevileton oT0 dnewpo},

6mou C(X) 0 Y0OpOS TWV GUVEXDY CUVOPTHCEWY A6 TOV TOTOAOYIXO YWpo X oTo
R.

Mropei vo anodeilel xaveic Tt av o X elvar tomxd cupnayhc t61e 0 Cy(X)
elvar m xheloth Gpen Tou

C.(X)={f € C(X) : supp(f) ovunayéc},

otov o (C(X), | |le)s 6mov supp(f) = {z € X : f(z) # 0}. Enionc éva noAd
YVOOTO YedpnUo and TNV cUVOETNOLUXY AVIAUGCT], T0 Odpnua avaTaEdoTaoNS
tou Riesz, Aéel 6Tt av 0 X elvan tomixd cuunoyfic tonoloyinds xweog o duixdg
xwpog tou yweouv Banach (Cy(X), | |lo) eivon tcopetpind todpoppoc ue tov
¥wpo twv Radon mpoonuacyévey pétpwv (M(X),] - |), étou |u| = |u/(X) =
pH(X) + p (X) n ok xOpavon Tou UETEoL p. BTov Ykpo autd opilouue v
acdevi dotpo (weak*) tomohoyia opilovtac yio pior axohoudio p, € M(X) va
ouyxhivel oto g € M(X) av %o uévo av

[tan,~ [ sau

yioxdde f € Cp(X). Aéyue t61e bTL M W, cUYHAiVEL actevire-* oTo p xou Ypdpoupe

w ’ 7 7 ’ ’ ’ 7 ’
ty, — . Oupilouye btL 1 obyxhion opilel Tomohoyia, apol 1 cbyxAion unopel va
Teptypdel o xhelotd cvvoha (oo TepLEYOLY Ta XoTd TN oUYXALOT AUTH oploxd
Toug onuela) xon GUVETOS 0pileL xou ToL AVOLXTE WS CUUTATPOUATO TWV XAELOTOV.
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To nopoxdtey Yewdpnua, nopdho mou elvar xevtpd ot Yewpio mdavotitwy,
dev Yo To anodelfouue yiotl anoutel yvhoelc and tov petaoynuotiopd Fourier,
Tou elvan €€w amd Toug oOTOUE TOU TAPOVTOC XEWWEVOUL.

Oswpnpa 8.3.1 Eotw é6u n X, eivar pa akodovdia avebdptntwy tuyaiov ue-
taPAntdv otov Ly pe kown péon nun p kai Sukbuavon o?. Tére, kadodgn — 0o,
1 katavoun tns

I
=1

ovykAiver aoOevdss-* oTny TumKY Kavoviky katavourj y,, kai €161kdtepa

1 n 1 “ 2
P| — X.—p<a| - — e t/2dt.
G e

8.4 Aoxroeig

(i) 'Eotw 6Tt @ = {1,2,3,4} xoau P({n}) = 1/4 va x&d%e n € Q. Bpeite tpia
evdeyoueva mou va elvar ave&dptnta avd 800 ohhd var uny elvon aveEdptnTa.

(if)



Iopdetnuo A’

AVoeiwg Aoxnoewy

A’.1l Aoxrosig tng evotnTag 1.2

(i) Amodeilte 6T wa dhyePpa A mou elvan xhetoth otic apidurowes adfouoceg
evooelg (dnhodh, av E; € A pe By C Ey C ..., 161e U E; € A) elva
anapaitnTa xon o-dhyeBpa.

(ii) "Eotw 6Tt n M eivon wo o-dhyefpa pe dneipo nhidoc otoryeiwy. Aeilte 6Tt

(o) n M mepiéyer wa dnetpn axoroudio un xevev EEvwv cuvOrmY.

(B) n M eivar unepapruioyo cbvoro (card(M) > ¢ := card(R)).
Abon:

Ioyveiopwoéc 1 Av A eiva ov-dhyefpa oto obvoro X xou B € A t6te 1
owoyévewr Ag = {ANB : AC A} C A elvou yio ov-dhyefpa 610
oclvoio B.

Ioyveiopoég 2 Ta xdde dneen ov-dhyefpa A oto clvoho X umdpyet
A € A un xevo, dote 1o X \ A va nepiéyet dnepo nAndog otolyeiwy
e A.
Anrédeitn wov Ioxupiouol 2: Av by, tote av A # 0 otowyeio tne A ta
olvora X \ A xou X \ A = A nepiéyouv w¢ unooGvolo TENEPATUEVO
mAfBoc otoyelwv g A. Ouwe xdle F € A ypdgpetan wg e€ig:

F=(AnF)[J(X\A)NF),

omou BePoiwe T AN F xou (X \ A) N F eivan otouyelo tne A. ANNG
einoye Tapandvew 6T péoa oto A xaw oto X \ A n A €xel nenepacuévo
mhAdog otolyelwyv. Buvenwg to tuyalo F € A @ridyvetou and evdoels
800 cuVOAWV Tou emAéyovTal ond dVO TEMEPUCUEVES OLXOYEVELES (Tol
otouyela g A mou elvan utocUvola Tou A xou Ta oToLyEla TG A Tou
elvon utooUvola tou X \ A. Apa 1 A elvon nenepacyévr, To onolo elvon
dtomo.

Anédbein tov (i) : Ané Tov 1oyuploud 2, UTdpyEL Eva PN xevd cOVORO
A, € A dote ta A, By == X \ A, elvar &va xou to B; mepléyel
éva dnepo Thfdog ototyeiwy tng A; dnhadn (Seg toyuploud 1), n Ap,
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(i)

elvon gl dmelpn ov-dAyeBpa oto clvolo Bi. Xtov Uetproo Yhpo
(B, Apg,) epapuéloupe Eavd Tov LoYUPLOUO 2, X0 CUVETLS UTAPYEL
eva un xevo Ay € Ag C A oote 10 By := By \ Ay va mepiéyel
¢ unochvola, éva dmeipo TAfdoc otoyelwy e Ap xou dpo Tng A.
"Etol, ta Ay, Ay, By elvon Eéva olvoha un xevd xou to By meptéyet
¢ UTOGUVOAQ, éva dnelpo TARYoc otouyeinv e A. Yuveyilovtag ue
enaywy”, av éyouv oplotel ta A;, Ay, ... A, 1, B,_; xau elvar Eéva
XL N XeV4, Ye To B, va mepLéyel we umocUVola, éva dnelpo Thdog
otoyelwv g A, e@apuoélovtag Tov Lloyuploldd 2 6ToV UETENOLUO XDPO
(Bp1,Ap, ) Beloxoupe éva un xevé A, C B, ; wote 10 B, =
B, 1\ A, va nepiéyetl ¢ utoolvoha éva dnetpo Thiloc otolyeiwy g
A, xou mpogaved to Ay, Ay, ..., A,,, B, elvan Eéva.

H axohoudia A,, mou npoxdnTel omd Ty enorywyixy| Swadixaoio pog divel
™ Adon.

Anédeén wov (iif) : "Eotw A, 1 axohovdia mou Berixaue mponyouué-
voe. T'pdpouvye to didotnua (0, 1) 6To duadixd cUOTNUA XoL CURPWVOL-
HE OTL OTLC BLABIXEG AVATUPACTAGELS BEV YENOWOTOLOUUE TN YAy TOU
TeAELOVEL oE Bladoyixd dnelpa 1.

To (0,1) eivan vnepaprdurowo xou n cuvdptnon F : (0,1) — A pe
F((sp)izn) = U A,

s,=1
glvon 1-1.
A’.2 Aoxnoeig tng evotnTag 2.1
(i) Zroueddec.
p(liminfE;) = pu E)
J—oo ! n=1j>n !

ANG i %89 j > nowoylen p(Nys,E;) < u(E;) ondte u(N;s,E;) <

inf

j=>n

p(E;). Suverac,

p(liminf ;) < lim (inf ,u(Ej)> = liminf u(E;).

Jj—oo n—oo \j>n j—oo

(iii) Ta cOvoha ENF, EX (ENF) xu F\ (ENF) eivaw &va pe évwon 1o
EUF.

(iv) Xtouyewddec.
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(v) Pavepd,

p(E) = inf{Zu(Bn) : B,e M,EC | Bn}
n=1 n=1
< inf{u(B) : Be M,E C B},

agol oto deltepo infimum yenoiwomolodue cUYXEXPWUEVOU TUTIOU XAALY-
potar (xohdppota evée cuvohov) avti yio omoadinote. T o avtiotpo-
@o, av € > 0, apxel vo Bpolye éva B € M wote E C B xou pu(B) <
1 (E) + e. Bpioxoupe pla oxohovdia cuvérwv B, € M dote E CUX B,
ol Z:}:l w(B,) < p*(E) + e AN\& t61e, Moyw unonpoodetixdtnroc tou

e€wTeptxol YEtpou to cbvoro B = U | B, ixavorolel to {ntolyevo.

(vi) Avto E eivan yetpriowpo téte oydel u*(X) = p*(E)+p*(E°) ondte u*(E) =

p(X) — p(E°) = p,(E). Avtiotpdpnc, Aoyw tne TponyolUevne doxnone
xat tou 6Tl p, (E) = p*(X) — p*(E°) ouunepaivoupe bt

() = sup{(B) : B M(A), B C E}.

Apa av p,(A) = p*(A) tote vndpyouv axorovdiec E, xu F, € M(A)
oote B, CACF, pe u(F,) — u(E,) < 1/n. ©étovye E =sup,_ | E, xou
F, =N, F,. ®oavepd, E, F € M(A) xaw EC AC F. Enionc p(F\E) <
w(EF,\E,) <1/n, onéte u(F\E) = 0. Hopoatnpolue étt A = EU(A\ E).
Apa, agol E € M (A) apxel va anodeiZoupe 61t to A\ E eivon otnv M (A).
AN\& A\ E C F\ E 7o onolo elvou undevixé cbvoro xat to p* |]V[(/l) elvou
hpec Wétpo, ondte To A\ E elvou petpriowo.

(vii) To () etvan otoyewdec. Tt to (B) mopatnpolue 6Tt o HovVoolvola avi-
xouv oty M(A) 8ét {r} = NS, (r — 1/n,r] € M(A). Ku onotodfirote
unocvoio Tou Q elvan oprduionuo, ondte eivon apriuionun évwor yovoou-
VOAWV.

(Y) AvD #+ A, € Axu U2, € A téHte

7 (DA"> :oo:io:,u(An).

Av p; 1o pétpo TOL MPOXUTTEL AN TO 1 XOU fiy TO aApLdUNTXO WETPO, TO-
Te qUTE elvan BLaQOPETIXG UETPA APOU DLaPEPOLY GTA MENEQUCUEVO [T XEVAL
oUvola xou oL teptoplopol Toug oty A tavtiovta.

A’.3 Aoxnoesic TNng evoTtnTag 2.3

(i) Av u(E) < oo t6te i xdide € > 0 undpyet obvoro A mou elvon Tenepoouévn
Eveon avolyTéhv dootnudtey wote u(E A A) < e.

(ii) "Eotw 6Tt 1 ouvdptnon F : R — R eivon adZovoa xa deid cuveyic, xou
€0Tw Lp TO emayouevo uétpo. Tote
(«) pp({a}) = F(a) — F(a7)
8) pr(la,b)) = F(b7) — F(a™)
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(iif)

(iv)

() pr([a,b]) = F(b) — F(a)
(®) pr((e,b)) = F(b7) — F(a).

AvE € Lxawm(E) > 0, tote yioa xdde 0 < a < 1 undpyel avoiyto Sidotnua
I dote m(ENI) > am(I).

Abon:

Me anaywy?, oto drono: av undpyet a € (0,1) dote yio xdde avolytd did-
oo I vo woyber m(E N I) < am(I) téte yia xdde xdhudn tov E and
avouyté daothpoata Ip, Iy, ..., Iy, Myw tov 61t E C UY_ | (I, N E), woyle

m(E) < Zm([,C NE) < Zam([k) = aZm(Ik).
k=1 k=1

k=1

IMofpvovtoc infimum w¢ mpog dhec Tic xahbdeic Tou E odnyoluacte oe
dtomo.

Av E € £ xu m(E) > 0, t61t€c 10 cbvoho E—E ={z—y : z,y € E}
TepLéyeL éva Sdotnuo g wop@hc (—0,9) yio xatdAinho & > 0.

Abon:

IMpwta avaydpacte o ocvunayéc E: agod m(E) > 0 undpyer ocvunoyéc
K C E &ote m(K) > 0. Pavepd K — K C E — E ondte opxel va Ppolye
6 >0 dote (—9,0) CK — K.

Ano v eEwtepnf] xavovixoTnTa Tou M undpyel avolyté cbvoro U DO K
dote m(U) < 2m(K). Ta R\ U xa K elvor xhetotd xou Eéva pe 10 K
oupmayée, ondte 1 andotach toug § = d(R\ U, K) eivon detinde aprdudc.
Oa deifoupe 6t (—0,0) C K—K. Auté eivan Loodivopo pe to va deifoupe 6T
yio xdde |z| < 6 woyler x € K — K mou elvon loodbvayo pe 1o KN (xg) # 0.

"‘Eotw howrdv 6T |z| < 6.

Ioyveiopméc 1 o+ K CU.
Av 6y, tote undpyer y € K wote x+y ¢ U, ondte z+y € R\ U, dpa
§<|y—(z+y)l=lz[ <9,
10 omnolo elvon dtomo.

Ioyvewopoée 2 (z+ K)NK # 0.
Av 6y, t61tE NoYw Tou Ioyuplopol 1, ta clvoha K xa x + K elvan
&éva unocUvola tou U. Opwe tdte

2m(K) > m(U) > m(K) + m(z + K) = 2m(K),

70 omolo elvan dtoTo.
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Aoxnfoeig Tng evotnTog 3.1

(i)

(i)

(iii)

Av f, oxohoudio petpriowwy cuvoapthoewy otov (X, M), téte o clvoro
{z € X : to lim f, (z) undpyet}, avixer otnv M.

Abon:

Av déooupe g;(z) = limsup f,,(x) xou go(x) = liminf f, (z), t61e

{z€X : o lim f,(z) undpyer} = (9, — g2) {0}
xan To {nToluEVo EneTot.

Av f: X = Rsup{+oo} =: R xau f7((r,00]) € M yia xéde r € Q té71€ 7
f elvon petprown.

Adon:

T xdd¢ a € R vty axoloudia pnrav r,, = ([na]+1)/n woyder r, — a™,
xou

F((a,00]) = f (f] <rn,oo]) — ) £ ((rr00]) € .
n=1

n=1

To supremum g UTEPUPLIUACUNG OLXOYEVELIS PETETOLUOV CUVAPTHOEWY
pe Tyéc oto R xou nedio opropol tov (X, M) dev elvon arapaitnta petpriown
ouvdpTtnon.

Abon:
Av E évo pn petpowo cOvoro, téte enedh E = x5 {1} n ouvdptnon xg
Sev elvan petprown. ‘Ouwc xg = sup{Xx(, : @ € E}, xou 0 {ntolduevo
gneton.

Av n ouvdpnon f : R =+ R elvaw povotovn cuvdptnon téte eivon Borel
ueterown.

Abon:
Mia povotovn cuvdptnor €xet aptduiowo tAndoc acuveyewdy tpwTou Pord-
poV. Apa av A to cUvolo Twv onpeinwv acuvéyetas, ta R\ A xa A elvan

wetpriowa xou ot flp 4 o f|, elvon petpfowes (n mpdtn eivan cuveyhc),
ondte elxoha elvon petprown xat 0 f.

Aoxnoeig Tng evotnTog 3.2

(i)

‘Eotw 6t f, € LT xau f,, — f xotd onpelo xu [ f =lim [ f,, < co. Téte
vy xdde E € M woylel fE f=1lm fE frn- Auté dev elvan anapaitnta cwotd

av [ f=lim [ f, = oo.

Abon:
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(if)

Egpapudloupe to AMppa Fatou otnv axoroudia f, x g xo naipvouue fE f<
lim inffE fon- Tt Ty avtiotpogn avicétnra, Yétoupe g, = (f—g,,)xg — 0,
ondte mdA omd To Ajupa Fatou

0:/liminfgn Sliminf/gn = lim inf (/ f—/ fn)
E E

CUVETC
OS/f—limsup/ -
E E

Enedn tdhpa

limsup/ fn < limsup/fn = lim/fn < 00,
E

AT YOUUE OTNY

limsup/ fn S/ fgliminf/ s
E E E

OMOXANEWVOVTAS TNV amoBELEY).

H ouvdfxn [ f =lim [ f,, < oo elvan amapaitntn. Tio nopdderype, Yewpriote

v axoloudla
f (@) 1, z>1/n
xTr) =
" n?, 0<z<1/n,

1 ontola CUYXALVEL Xt ONUELD TTNY X (g, 100)- EUXOAL ENEY Y OLYE OTL f(0,1) fn 2
n — 00 %o f<0’1) X(0,400) = 1; 0WAG BéBana [ f =lim [ f, = oo.

Av f € L* opiCouye o pétpo N(E) = [ fdu yio x&de E € M. Tére vy
xéde g € Lt woyver [gdh = [gfdu.

Abon:

;2 ’ ’ n 7 7 7
Av g anAy), éoTw bt elvon ZFI ;X g, EVOL ) KAVOVIKT) TNS OVATApEoTAOT).
Téte woylet,

/gdA=§ajA<Ej>=Zijaj[Ejfdu=/(§;anEjf) du= [ afdn

j=1

T ™ yevin mepintwon, yenolonotodue wa un opvntxr, adouvoa axo-
houdia amAdY cUVAPTHOEWY @,, TOU SLYXAIVOUV Xxatd onueio oty g, ondte
n ¢, f wovornolel Tig ouvirxeg tou Yewpnuatoc povotovng cOYXAIONG Xou
ouyxiivel otnv gf. Onote

/gd)\:lim/qﬁnd)\:lim/qﬁnfd,u:lim/gfd,u.
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(iii)

Av f, € LT o 7 f,, elvan @divouoa axoroudia xou cuyxhiver oty f xatd
onuelo, xou av vndpyer k € N wote 1o [ f, vo elvan menepoopévo, toHTE

Jf=lm/[f,.

Abon:

Oétoupe g, = fi, — fn Yo xédde n > k. Pavepd, n g,, elvar adouoa, un
apynTxY axoroudia we xotd onuelo 6po v fi, — f,,. Ondte and to Yedpnua
povotovng cuyxAiong

tim [ g, =[5~ [£ = m [g.~ [5i=—[1
= tim [(~f) = [ 1
élm/h:/ﬁ

Iapathenon: O neplopionde yio Ty fy, eivon anapoitnroc. I'a napddelypa, 1
fun(x) = 1/n @diver xotd onpeio oto 0 ahld T0 ohoxhipwud Tne eivon Tédvta
dmewpo. Kou Befaiwe dev woybet lim [ f, = [lim f,.

Av f € L xou [ f memepaopévo, t6te Yia xdde £ > 0 undpyer E € M pe
w(E) <ocox [, f>[f—e

Abon:

Agol [ f < o0, n mocéra v(E) = fEf opilet éva menepacuévo péTpo.
Oétovpe E,, = {z € X : f(x) >1/n}. Av u(E,) = oo v xdnowo n, 161

[1z [ 5= uE) =

n

to omolo elvon dromo. Apa u(E,) < oo yia x&de n. Hapatnpolue dune 6T
E, C E,,; yw xdde n, xa ool 1o v eivar pétpo Va woyler v(UE,) =
limv(E,). "Eyovpe 6uwe,

V(UEn)=/UEnf=/{z:f(z)>0}f=/f,

POV TEOPAVES f{z:f<z)70} f=0.Apx

/leimy(En) zlim/ f
E

n

Onéte undpyel ny WoTE
<eg,

‘/f—/EnOf

and omou oupmepaivoupe 6t [ f > [ f —e, xou BéBana p(E, ) < oo.
no
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(v) Beeite axorouvdia Borel petpnoiuwy cuvapticewy f, oto R mou va @iivel
opolduopga oto 0 ahhd va toylet [ f, dm = oo yio xéde n € N.

Beeite axohoudio Borel petpnoipwy cuvaptioewy g, oto [0, 1] Tou va ou-
Yxhivel oto 0 xatd onpelo ohld va toylet [ g, dm =1 yio xdde n € N.

Abon:

I to mpdto Yewprote Ty axolovdia Twv otadepwv cuvaptioewy f, =
1/n xau yio to debtepo TNV

1

0, zr=0R4z>2/n
gn(x): 2 2
—sn‘r+n, 0<z <2z,

Gn

2/n

N TNV anA
0, z=0hx>1/n
M = 1
n, 0<z< .

A’.4 Aoxnoeic Tng evotnTag 3.3

(i) "Eotw 61t o (X, M, pu) elvon yodpoc nencpacpévou pétpou. ‘Eotw 6t f, €

L'(u) xou f, oy f. Aci&te 6t avayxaotxd Yo woyler f € L'(u) kai

lim [ f, = [ f.

Abon: H f elvan @avepd yetpriown we dplo yetenoiuwy. Agod f, i f
OUVETYETaL OTL UTIBPYEL Ny OTE Yiol X&de 1 > ny valoyeL sup, | f, () —
f(@)| < 1. Ondte f— f,,, € L'(n), agot [ |f—f, | <sup|f —f, [n(X) <
0. ‘Etot 1 f elvau otoryeio tou L (1) we ddpotopa duo ototyelwy Tou (Tng

fny xw g f—fr)-

Topa vy va deilouye 6Tl Tar oAoxAnpwuata twv f, cuyxiivouv oto o-
hoxApwuo e f apxel va emPBefomdoouye 6Tl toybouv ol mpobnoleselc
Tou Yepwhpatoc xuptapynuévne olyxhone. Ta xdde n > ng woydel |f,| <
|f, — F1+1f] <14 |f] mou avixer otov Ly (p) 86T To pétpo elvon nenepa-
opévo: [(1+|f]) = w(X)+ [ |f|. Anhodh mpdypott egapudletos To Jempnuo
XUPLIPYNUEVNS CUYXAONG.
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(i)

(iii)

T Tov Ypo pétpou (X, M, u) divovian ot cuvaptioeic £, f, 9, 9 € L1 ()
&ote f, — fovm, g, — g ovn, |f,] < g, via %49 n € N xou
lim [ g, = [g. AetEte 6nlim [ f, = [ f.

Abon: Agot |f,| < g,, oL ouvapthoeic g, — f,, xou g, + f,, elvon un apynuixée,
éyouv bpta tic g— f xou g+ f avtioTolya, xau e@apuélovpe oe aUTEC TO AMjupa
Fatou:

/liminf(gn —f) < 1iminf/(9n —fa)

/(g—f) S/g—limsup/fn-

Topa g € L' (u) ondte umopolpe va mpocdécoupe xou ot dvo wépn o
J(—g) %ou Vo eNnOHOTOCOUPE TN YPOUIXGTNTA TOU OAOXANPMUATOS Yiot
Vol xaToAREOUPE OTNHY

(A"1) /leimsup/fn.

Epyalbpevol opoiwe pe v g, + f,, odnyodpacte otny

(A'2) / f < liminf / £..

O (A1) xou (A”.2) divouv To anotéheoyo.

onoTE

Av f € L*(m) xou F(z) = ffoo f(t)dt t6te n F elvar cuveyhic cuvdptnon
oto R.

Abomn: Ao v opyh e petagopds, apxel va deiloupe bTL yior xdde axo-
houvdia z,, mov cuyxhivel oto z woylel lim F(z,,) = F(z). Ounc

F(z,) = / "y dt = / FOX(son (Bt

nal

Fa)= [ @ dt= [ 50 (O

Yuvende apxei va emBefoumooupe 6Tl epopudletar To Vedpnua xupLopy Nué-
vng oUyxhong. Ilopatnpolye ot

f(t)X(foo,zn)(t) - f(t)X(foo,m) (t)

oxed6v yia x8e t (extéc lowe and to o o ), xau 6T

[FOX (oo, B < [F(B)] € LT ().

To cuunépacpa éneton and to Yedpnuo XVELIPYNUEVNE cUYXALONC.
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(iv) Av f,(z) = ae™"%® —be™ ™% é10u 0 < a < b, T6TE

S [ wast [ (Zf )

n=1

xou Gpot

i/“’ z)|dz = 00

n=1

Abon: TTpogavde and to Yewpnua 3.3.5 dev Ho Loy Vel

Z/ z)|dz <

fj/ow fn<w>dz¢/0°° @m)) da

Yuvende apxel va arodeifouye to teleuTaio.

av

Me amhf) ohoxhipwor BAémouye bt Zzozl fooo fn(z)dz =0.

Topa unohoyilouye To fooo S falm)da

[s [ )

= /0 (a i(@“w)n—bi(e_b’”)"> dz

oo ae %% befbm
= / ( — Z ) dzx
0 l—ear 1—e "

Enedy ylo omotadhnote cuvdptnon f € L1(0, 00) Aoyw tou 6T | FX(1/m,00)| <

|f] xou Tou Yewphipoatos xuplapynuévne clyxhong toylel f/ f—= [fro
tehevtaio oloxhpwyua Vo uTohoYLoTEl WC GPLO TOL OAOXANPOUATOC GTO
(1/m, 00) xadae To n teivel oto dnepo. ‘Etol to ohoxhipwud pag eivan ico

ue
oo —ax b —bx o0
lim < ac — — ¢ _bx) der = lim <1n(1 —e %) —In(1— e’bw))
n—00 1/n 1—e 1—e n—o00 1n
= lim In 1—e

a0t 1—ebT
ln(%) #0.

(v) Trohoyiote ta pLa auttohoydvToC TS TREELS Cog:
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()

lim/ (1—1—5)7 sinfdx.
n—00 0 n n

Abon: H axohoudia ouvapthoewy f,(z) = (1+2) "sin £ ouyxhivel
oto 0 vy xdde = xadodg to n teivel oto dnelpo. Apa To bplo TOL
ohoxhnpdpatog Yo elvar undév av del€ouue éti unopel va eqoppootel
70 VeWpnuo XUpLIPYNUEVNS oUYXALONG.

Xenowonolvtog Ty avicotnta Bernoulli fAémouye 6Tt

T\ " . x x\ "
‘(14——) sm—‘g‘(l—i——)
n n n

OAAG arvepd fooo 1/(1 4 z) = 0o. Tuvende Ya mpénel va aval Nt ooupe

1
1+

<

)

xoNOTEPO Qpdrypa. T nopdderyya, fooo 1/(1 + 2?) = arctan(z)|3° =
/2 alh& Bev efvar owotd 6T v xdde n € N xou yio xdde z € (0, 00)
woyver 1+ 22 < (14 z/n)".

Bpioxoupe z, € (0,00) dote v xdde z > z va oy lel

3
(1+§) > 1422

Auto elvon e@uetéd ool to éva elvar ToAu@VUPO Teitou Barduod xou to
dAho deutépou. Ondte, enedh n oxohoudia (1 + z/n)" elvor avEovou
v x&de x € (0,00), yio x&de z > x, Yo Loy e

n 3
(1+£) 2(1+£) > 14 22
n 3

Av tdpa Véooupe

14—1952 av T > T
g(z) =

1
T wi<z<zg

woyet | f,(z)] < g(x) yia xdde z € (0, 00) o PePoiwe f(o o0) g(z)dz <
00. Ornédte epappoleton To Vewdpnua xupLEXNUEVNG CUYXALONS.

1
lim/(1+nm2)(1+w2)’"dm.
0

n—oo

Avomn: H axoroudio ouvepticewy (1+nz?)(14+22) ™™ cuyxhivel oto un-
dév oxeddv mavtol (extédc and to & = 0). And v avicdtnta Bernoulli
oy et

1+ nz?
~ 14 naz?

1+ na?
1+ 22)n

=1¢€ L'0,1],

ondte epapudleton o Fewpnua xvplopyNuévne cbyxAtong xat to -
tobuevo bpto eivon undév.

lim nsin E(:1:(1 +x2))_1 dz.
n—oo Jo n
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Abon: Ioydet
nsin(z/n) n(|z|/n) 1 1
< = L .
z(1+22) |~ z(1+2?) 1+22 € L(0, 00)

Apa eqopudletar to Yedpnuo xvplapynuévne odyxhiong xa to {ntov-
pevo bpto givon /2.

o0

lim n(l +n22%)"tdz.
n—oo

(H omo’?vmon eZoptdtan anbé toava < 0fha=0"%a >0.)

Abon: Av a > 0 téte = > 0 xou 1 axohoudia cuvapTHoEWY GUYXAIVEL
oto undév. ‘Etol 1o {nroluevo 6plo Va eivon undév av epapudleton to
Yewpnua xuplapynuévne obyxhiong. Hopatnpolue 6t

‘ n _ n < 1
1+n222|  1+4n222 = 1+22
av o pévo av (n? —n)x? —n + 1 > 0. To teheutaio Yo Loylel av

2 2

(n*—n)a® —n+12>0, agod z > a, xa auTd Ye TN GELPS TOU Loy VEL
av n > ng = ng(a). Luvende epopudletar 10 VEDENUL XUPLIPYNUEVNS
oUyxMong Yo Ty dodeioa axoroudia cuvapThoewy, yia n > ng, xou
o {ntoluevo bplo eivon undév.

Av a = 0, tote ypdpouye fooo w¢ ddpolopa V0 OAOXANEWUATWY ATO
T0 UNndév péxpl To €va xou ambd To Evar YEyel To dmelpo. To debtepo
ohoxhpwpa GUYXAIVEL 6TO UNdBEV AOYw TNS TEOTYOUUEVNC TERITTONG
(a =1>0). Zuvene to dpro mov Lnrdye oolTon YE To

1 1
. n . ™
lim ———dz = lim arctan(nz) | = —.
n—oo 0 1+ TL2$2 n—oo 0 2
Télog, av a < 0 16T, AOYW TOL OTL OL CLUVAPTATELS Elval dPTLEG, TO

7 ’ 7 z 7 3 —a 7 7
6plo elvon 800 Popég to bpto lim,,_, fo Trneaz 4z, dnhadt) ioo pe .



