Kegpalaio 8

XTOoI Eia Oewpiag
mMOAVOTHTWV

H Bewpia mBavoTATOV QvaTTTOOOETAI O £va XOPO PETPOL (X, M, u) 61T0U
H(X) = 1. "Evag TETOI0G XWPOG HETPOL OVOUBGCETOI XWPOS HETPOL TOAVETNTOG
Kal To P€Tpo u pETpo mMOaveTNTaS. MopdAa auTd dev eival 0wWOTS va GupTTE-
p&vel Kaveig 6T1 n Bewpia MOAVOTATWVY gival LTTOKAGDOG TNG Bewpiog HETPOU,
@OV 01 KEVTPIKES 1IOEEG KOl 01 TEXVIKES eival EeEXwPIOTES Kail IBIAITEPES TG QL-
TEG TNG Bewpiag PETpoU.

8.1 Baoikég €vvoieg

H Bewpia mBavoTATWY €Xel TN OIKA TNG opoloyia n oTroiax avarrTOXONKe
TpIv TN Bewpia HETPov. MNa auTé Ba xpnoipotrolobpe TN dIKK TG opoloyia.

Oewpia MéTpou

Otwpia MOAVOTATWY

Xwdpog pETPoL pe OAIKS pETPO 1.
ZupPoiiopds: (X, M, )

(0)-GAyeBpa
MeTprioipo olvoho

MeTproipn TpoypaTIKi
ouvvépTnon. Tutké ocOpPoro: f

OMokAjpwpa Tng f. Z0pBoAo:
[ fdp
L,-ouvapTnon

YUYKAION WG TTPOG TO PETPO
>xeb6v mavToo (o)
Borel pétpo mbavéTnTag oto R

MeTtaoxnpaTtiopds Fourier (péTpou
oto R)

XopaKkTnpIoTIKA ouvapTHON

AeIYHOTIKGG XWPOG 1 XWPOG
mOAVOTNTOS. ZUHBOAICHSS:
(Q,B,P)

(0)-6aKTOAIOG
EvbexSpevo

Tuxaia peTapAnTr. TUTIKG
obpBoro X

Méon Tipr, paBnpoTikr] EATTda TG
X. ZopPoho E(X)

Tuxaio yeTOPANTH pE TTETTEPOAOHUEVN
p-poTrj (moment)

>UykAion wg TTPog TOAVETNTA
xedov aiyoupa (00)
Katavopn

XopoKTNPIOTIKA OLVAPTNON
(KaATOVOHAS)

AeikTpia ouvdpTnon
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21N Bewpic TOAVOTATWV CLVHBWS HEV YPAPOUHE T OPIOPOTA TWV GUVAPTI-
oewv (Mo TOPa AéyovTar Tuxaieg HeTAPBANTES). ‘ETO1 6TOV Ypdpoupe {X > a}
evvooUpe To evbexSpevo (6nAadr To peTprioipo obvodro) {w € O : X(w) > al.
‘Eto1 To P{X > a} eivar  mBavéTnTa N TUXOIQ PETAPANTH X v eival peyodo-
Tepn oo a, SnAadn To péTpo Tov cuvérou {w € O : X(w) > a}. Mevikwdg Ba
XPNOIHOTIOIO0HE TN YAWMOOX TV TOAVOTATWY EKTEG AT TO 6T1 B TTPOTIPGHE
va Aépe OT1 piar Toxaion peTaBANTA eivan L.

Opiopdg 8.1.1 Av ) X eivar L, Tuyaia yetaffAnTr, T0Te eivan kai Ly Tuxaia peTa-
BAnTrj kou n péon miun TG E(X), énAadn n moodtnTa

/ X(w) dP(w),
Q

eivar kaAa opiouévn. H L, vopua tng Tuxaiog uetafAntric X — E(X) ovouddetan
TUTTIKY) atrokAIon TNG X (6nAadn) TuTik: amékAion TnG X amd T péon TIPS TG),
KOl TO TETPAYWVO AUTHG TNG VOpHaG ovoudetar SiakUuavon g X. Ipdgoupe

o(X) = (EIX = EX)P)"

KOl
2

Var(X) = 0%(X) = EIX — E(X)]2 = E(X2) — (E(X))
avTioTOIYA.

Oa XpeIOTOVHE TNV AKOGAOLON KATAOKEVT. Av £XOUHE VOl XWOPO TOAVETN-
Tag (Q, B, P), éva petprioipo xwpo (Q, B') kai pix amreikévion @ @ Q - Q
TOTE OpileTan piax mBavéTnTa Py, oTov xawpo (Q', B'), To «push forward-péTpoy,
OéTovTag

P, (E) = P(p~" (E)).

To 671 TO P, eivan TpGyparTi PETPO MOAVETNTAG TTPOKVTITEI GUECK OTTG TO OTI
N@~ OVTIHETOTIOETOI PE EVAOEIG KOI TOUES.

Mporaon 8.1.2 Me Tov maparmrdvw ovpfoiioud, av n f : Q' = R eivar pia
UETprioIun oLVAPTNOT TOTE | o JdP, = fQ (f o) dIP epdoov kar Ta U0 0AoKAR-
pwuaTo UTTAPYOULV.

Amoéeién: Av n f eival n XapoKkTnpIoTIKI) ouvapTnon X YIa E € B’ To {nTobpevo
givan atrA@s 0 opIopGs Tou Py, Aob Xr o @ = Xo,1(p)- N0 TO YEVIKG aTTOTEAEOHO

XPNOIPOTIOI0VHE YPOHHIKOUG OLUVOLAOHOUS Kl TTaipvOUpE Spia. 1]

Mo kéOe Tuxaia peTapAnTt X otov Q To pérpo Py eivar éva Borel péTpo
TMOAVETNTOS TO OTTOI0 OVOpGeTal KaTavour] Tng X, Kai n cuvapTnoN

Fit) = Py((—oo,t]) =P(X <) = Plw e Q : X(w) < t})

(n otroict kKaBopiCel TO PETPO MOAVETNTOG Py GUHPWVA pE TO OeDPNHQ 2.2.2)
ovopGeTal oLVApPTNON KaTavours TS X.

levikérepa, av X; : Q = Ryiaj = 1,2,...,n opiCoupe To TUXAIO SIGVUOHA
X = (X4, Xy, ..., X)) : Q = R" ki To pétpo Py oTov R™ ovopdleTan arrd koivou
katavourj Twv Xy, X5, ..., X,,. H katavopn | n a1 Koivol KATavopR YIa TTEPIO-
00TEPES aTé Pix TuXAIEG PETAPANTES eivan Xprioipn YIOoTi pe Tn forRbeid Tng a-
mrodeikvoovTtan Sidpopeg 1816TNTES. ETo1 av X, Y : OO — R Tuxaieg peTapAnTEg,
até Ty MNpéToon 8.1.2,
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s avp=X:Q-5>R=:Q'kai f(t) =t : Q"= R R, 16T¢
E00 = [ XdP(w) = [ tdp,0.
Q R
*avp =X: Q-5 R=:Q"ka f(t) =t -E(X) : Q"= R— R, 167¢

Var(X) = / IX = EQOI dP(@) = / It — EQOF dP, (o).
Q R

e awvp=XY:Q-oR =:Q'ka f(t) =t+s : Q' = R* 5 R, 1671¢

EX+Y) = [ (X4 dP@) = [ (t+5)dPyy )
Q R2

AnAadi] n yvwaon Tng o6 Koivol KATAVOHAS HAG ETTITPETTEI TOV UTTOAOYIOHG TV
TTOPOHETPWV TOV TUXAIWV HETABANTHOV WG OAOKANPOHATO OE TTPAYHATIKOUG
XWPOUG.

OpIopo6 8.1.3 Aue OT1 pia oikoyéveia Tuxaiwy petaBAnTy {X,} eivar icokara-
veunueévn av 6Aeg o X, €xouv v ibia karavour], 6nAadrj av ioxver Py = Py
YIO KGOE a, b.

21N Oewpic MOBAVOTATWY HIG OTT6 TIG CNUAVTIKOTEPES EVVOIES EIVOI QLT
NG (OTOXAOTIKASG) aveapTnoiag. Ag uTToBECoVE GTI TO EvEeXSpEVO E OTOV X®-
po mlavétnTag (Q, B, P) £xer OeTikr] mOavoTnTa: P(E) > 0. EbkoAa PAEel
Kaveig 611 n moodtnTa PR(F) = P(E N F)/P(E) opiCer éva péTpo mMOAvETNTOS
To 010i0 ovop&deTan mMOAVSTNTA 600€vTog TOU E | MBAVETNTA LTTG GUVONRKN
(Tn ovverkn NG BePaidTnTOg ToL E). MNpdkerTal SnAadA yior TRV TMOAVSTNTA VO
oupPel To evbexdpevo F 600évTog 6Ti To evdexSpevo E oupPaivel Rdn. Av auTn
n mBavéTnTa eivan fon pe Tnv P(F) T6Te Aépe 61 TO evbexSpevo F eivar aveEap-
TnTO TOL E. "Evag GAAOG TpOTTog var Treprypdipoupe Tny aveapTnoia Tou F atré
7o E eival va TToUpE GTI «TO TTO000TO TOU PETPOL TTOL TO F KaToAapPdvel péoa
oTo E eival {00 pe To TOOOOTS TOL PETPOU TTOL KATOAGpPAGVEl TO F péoa oTov
Q (mov €xe1 péTpo foo pe 1)». AvTr] n oLVBRKN gival I008Uvopn pE TO vV I0YVEl

P(E N F) = PE)P(F).

H oxéon auTr] eival CUPPETPIKA WG TTPOS E Ko F, kai dTav ival oAnbrg cuve-
méyeTan 611 Ko TO E givar ave€&pTnTo Tou F. ETriong €xer vonpa akSpa Kai 6Tav
P(E) = 0.

levikéTepa, piot oLANOYK evdexopévwy (E,) 4 AéyeTar aveapTnTn av

PE, N..NE,) =
j

[Nt

P(E,)

/

Y1 OTTOIOONTTOTE SIGKEKPIPEVD Ay, ..., @, € A KOl YIa KGOe n € N. MNMapatnpodpe
€6 611 10 var eivon T (E,) ,c4 OGVEEGPTNTA OV OpKET var eival avd b0 aveEapTn-
Ta (6eite Aoknor 1). Opifovpe eTTONG GTI HIX OIKOYEVEIO TUXAIWV PETABANTWV
(X3)aea OTOV XOpO mMOAVOTNTAS (Q), B, P) AéyeTon aveE&pTnTn av Ta evOeXOE-
va {X, € B,} = X;'(B,) eivor ave€apTnTa yia otroiadijroTe Borel utrootvola B,
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Tou R. AuTH TN CLVOIKN PTTOPOVHE V& TN YPGYpoLpE Kol WG EERG: YPphpovTas X;
yia v X, ol (X,)ea €ivon ave€GpTnTES OV

(8.1) [TP(X7"8)) = P(X7(By) N ... N X7'(B,)).
j=1

MapaTtnpolpe TP 6T W € ﬂij‘1 (B)) av ko pévo av X;(w) € B; yio k6Oe
j = 1,..,n, av kal pévo av (X;(w), ..., X, (w)) € By X - X B, dnhadj w €
(Xq, oo, X)7H(By X - X B). Apain (8.1) ypbipeTou

(8.2) [1P(X71B)) = P((X,, ..., X,)7"(By X - X B,))
=1

.......

ANG

[1P(x7"B)) = [Py B) = <|_| IPX’,> (By X - X B).
j=1 '

=1

A@oU T B; eivai omroiadrjrote oUvoAa Borel, auTég o1 Too6TNTES Elvan (0Eg v
Kol yévo av

AnAadn, or Tuyaieg ueTaBANTES (X)) ca EVOI QVEERPTNTEG OV KO IGVO Qv 1) QTTO
KOIVOU KOTOVOUEG OTTOIOVONTTOTE TTETTEPACHEVOU TTAIIBOVG ATTO AUTEG I00UTAI UE
TO YIVOUEVO TWV KATOAVOUWV TOUG.

Mpdraon 8.1.4 Forw drior {X,; : 1 <j <J),1 < n < N} eivar ave§dpnteg
TUYQIEG HETAPANTES Kai éoTw ST1 01 f,, : R™ — R eivar Borel petprioiueg ouvap-
mrjoeig yia 1 < n < N. Tote o1 TuxaieG petaBAntés Y, = fo(Xpy, X)) Xpyo)
yia1 < n < N eivar avedprnreg.

Amébeiln: Nian = 1, ..., N 0étovpe X,, = (Xyq, Xpg, ooy Xyymy)- AV By, ..., By Borel
vTTooUVoAd Tou R TpéTrel va dei§oupe 6T Ta evdexOpEVT

V1B, = (fyo X)) 1B = X3 (f7(BY)

eivar ave&dptnTa. ‘Omws Ko (8.1) kai (8.2) £xoupe 6T

N
Y, o W) THBy X e X By) = [ Y18

~~~~~~~
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kai n TeAevTaia Adyw Tng ave§apTnoiag Twv X, I000Tal pE

N Jn)
NI S Te—"

n=1j=1

Jn)
o me

)
A6 To Oepnpa Funini n TeAevTaio TapdoTaon eiva fon pe

N J(n) N Jn)
I_] /Xf;1(8n)(xn1/ '“'an(n))d < I_] Pxnj> = I_L < H [P)Xn/(f':1 (Bn))>
n=1 j=1 n= j=1

N
Py (f2'8,) = [ P(X:'(77(8Y))

n

1 n=1

1z

-

= /Xf11(81)><---><f,\,1(BN)(X11/"'1X1/(1)/"'/XN1/"'/XNJ(N))d<

]
-
-

-~ 3
S

(

jary

N
= /Xf;1(B1)(X11'""X1](1))"‘Xf,ﬂ(Bn)(XNW""XN](N>)d <H
n=1

j=

Il
=z

S
]

I
=
9
—
3
&
S
=

S
1]
-

v By X = X By) = l—lg=1 Py (B,), Gpa o1 Y, eivon ave§aptnres. T

......

Opiopos 8.1.5 (ouvéhiEn péTpwv) Av Ta p;, j = 1,2, ..., n eivar pétpa Borel oto
R opiCoupe 10 uETPO OUVENISH Ly * Hy * -+ * U, VO SIVETOI QTG TOV TUTTO

’«'1 * ook IJH(E) = / “'/XE(t1 + -+ tn) d’J1 (t1) dIJn(tn)
MpdTtaon 8.1.6 Av or Xy, ..., X,, eivar aveldpTnTeg TUXOIEG LETABANTES, TOTE
Py ix, = Py, x % Py .

ATIO8€1€n: OETOVPE T(ty, ..., 1) = 2L ;. DAVEPS Xy + -+ + X, = To (Xy, ..., X,).
Apa

Py, e, B) = Prox, ) B) = P((Te Xy, .., X)) ®)
= P((X; e, X' (T7'B)) = Py, (T (®)

ko 1re1dn (ty, ..., t,) € T (B) av ko1 pévo av Z}; tjeB

- /.../Xgm ot t) dPy .. dPy

= [PX1 K eee % [P)X"‘
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Mpotaon 8.1.7 Eotw ot o1 Xy, ..., X, eivar ave&dptnTeg TUXQIEG HETABANTEG.
Av X; € L; yio KGO j, TOTE Iy Xj € Ly kau

E < [ xj> = [1Ex).
j=1 j

=1

Amébeién: Na f(ty, ..., t,) = |_|;1=1 It;| 1ox0e I_I;l:1 IX;l = f(X4,..., X,). Apa amré
Tnv lNpdTaon 8.1.2 10xVel

/deP(XV_._IXn) - /fo(X1,...,Xn)d[P _ /|‘! IX,|dP = E <|‘! [xj[>.
1= 1=

Apa XPNOIHOTIOIOVTOS TPWTA TNV aveEXpTNOia TwV X; KOI 0T OLVEXEIX TO
Oewpnpa Fubini raipvoupe

E <|_| IX,-|> = /fdP(x1,...,xn)
=1

= /fd<|£|"”x,> = |£|/|tj]d[P’X/,(tj)
j=1 j=1

[E]le.

Rt

J

JUVETTAG I—IF=1 IX;] € L' kan Gpa r];; X; € L'. To iSio eTrixeipnpa xwpi§ Tig otré-

AuTEG TIHES Oivel TO {NTOVHEVO. m

Mépiopa 8.1.8 Fotw o11 01 X4, ..., X,, eivar ave§ApTnTeg TUYATEG UETAPBANTEG. AV

X; € L, yia kGO j, 7016 02 (X, + - + X)) = Z L 02(X).

ATr66eién: O€TovTag Y, = X; — EX; auTég eivan ave€dpTnTeg omd T MpéTa-
on 8.1.4. Etoi, emeidn) EY, = 0 ovpmrepaivoupe 611 E(YY) = EYEY, = 0 yiax kGBe
i #j. Apa

02Xy + 4+ X)) = E((X; + -+ X,) = E(X; + -+ X))

E(((X, = EX)) 4+ (X, — EX,)’)

E( + - +Y)2) = > EV+2) EMY) = > EY?

n n
j=1 j<i j=1

oz(Xj).
i

J

n

H ave€apTtnoia eivarl pia oAb amrantnTikg 1616TNTA. Mo Top&derypa, av ol
X kau Y eivon ave€apTnTeg TUYGIEG peTAPANTES 0TO R, pe E(X) = O ko f picx
Borel peTprioipn mpaypaTiki) ouvapTnon AOOTE 1 f o Y va givail OAOKANP®TID,
T6Te o6 TNV MpdTaon 8.1.4 o1 X kai f oY eivan ave§GpTnTES, OTMOTE

E(X(foY) = E(X)E(foY) = 0.
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AnAadr] n X eival opBoydvia og kdBe ouvdpTnon Tng Y. AuTdg givar kai o Adyog
0V €ival 5UOKOAO VO KATOOKEVGOEI KAVEIG pIa oikoAOLBID aveESPTNTWV TUXO-
@V HETOPANTOV oképa kai oTo [0, 1] pe To péTpo Lebesgue xpnoipgotroidvTag
OIKE(EG TUVOPTATEIG OTTO TOV ATTEIPOCTIKS AOYIOHO.

Mapaderypa 8.1.9 (ovvapTtoeis Rademacher) MNa k&Be n € N opiCovpe TN n-
oTn ovvapTnon Rademacher r, (x) = sign sin(mr2"x). Na Tapdderypa,

1 (xvx€<0/%> 1 GVX‘E(O,%)U(%,%)
ry(x) = 0 =
-1 avx€<§'1> -1 GVXG(%’;_)U(%/1)
[ el HUEGY)
3 -1 O(VXG(%’§>U(§’§)U<§/§)U(g,1)

O1 ouvapTroEl§ aUTEG eival aveEAPTNTES. MpdypaT, eEAéyxoupe eOkoAa 6TI P(r, =
1) = P(r, = —1) = 1/2 yia k66¢ k € N. Etriong yia ké6e k; < ... < k, € N kai yia
k&®e Tipdonpo 6; € {—1, 1} 10x0el

P, =0; Kair, =0, KOl ... = 0,) = 21—n
MpGyparti, yign = 2 0 kGOe HIGOTNUA OTO OO0 N 1 €ivan fon pe B, n ry, eivai
fon pe 6, oTo P06 TS AULTS. AnAadr

Bl=

P, =6, kairn, =0,) =

KOl OUVEXICOUHE ETTOYWYIKG.

Mapatnpolpe TApa 6T1 yia kKGOe ovvolo Borel A Touv R 1ox0er ri' (A) =
r' (A N {=1,1}), ka1 OLVETTOG 0 €AeYXOS TNG AveEXPTNOIOG GPKEl var yiver Y
oUvoAa A Tng poperis @, {—1}, {1} kau {—1, 1}. AANG kGO« 1, Siver TIEG pe Befoid-
™Ta 0710 {—1, 1} K1 TTOTE GTO D). TUVETTDG APKET 0 EAEYXOG VO YIVEI YIor GOVOAX
A Tng popens {—1} kan {1}. ‘ETo1, apkel va deifovpe 6T

n
P, =0, kair, =0, Kal ... = 0p) = |_I P(rk/ =6)),
j=1

Yio 0TroIadATIOTE TIPGONHA 6;. AAAG QUTG EIVOI TIPOPAVES, GOV aTTS TIPIV €-
XOUHE

=
=
~
I
@

1
P(r, =6 Koir, =6, KAl ..r, = 6,) = o =

-
]
-

O amAoboTepog TPOTIOG YIO Vo §0B0UV TTEPIONOTEPT TTAPAOEIYHOTO Ove-
EapTnoiog eival og XOPoLg yIvopevo. Ag LTTOBEoOVHE 6TI QA = O X ... X Q)
B =B® @B,k P =P; X..XP, Omoiecdfjmore Tuxaieg HETAPBANTES
X1, s Xy 0TO Q 610U N X; £EOPTETOI PGVO OTIG Tr) PETOPANTH TNG j CUVTETOY-
HEVNG eivanl aveEapTNTES. MpGypaTi, ypdgoupe kGOe X; wg o0vOeon piag fj Kai
NS TPOPOARG OTNV j oLUVTETOYHEVN, dnAadH X; = f proj/., oTréTE 10X0EI

(8.3) (Xq, e, X)) 7HBy X o X B) = f71(By) X ... X f71(B),
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Ko Gipot

x By X ... X By) = P(fi"(By) X ... X f71(B,))

,,,,,,,

(8.4) =<ﬂ%>@xmxmx
j=1

O1 d1eg 16€eg pPTTOPOUV VO AEITOUPYROOLY KA YI GTTEIPO TTAB0G HETABANTWY
TTapOAo TToU N aTrEoEI€n eivan TTOAD IO OTTAITNTIKY.

Xe éva TOTTOAOYIKG XWpo opieTan BePaiwg n €vvoia Tng Borel o-GAyePpag
By wg n o-éAyefpa Tou TTAPAEYETAI ATT6 TO AVOIKTG OUVOAG TOU Xwpou. ‘Eva
Borel yétpo py otov X Aéyeton e§wtepikd kavoviké aTo obvoro £ av

p(E) = inf{p(U) : U 2 E, U avoikté},
KOl E0WTEPIKG KAVOVIKG 0TO E av
u(E) = sup{u(F) : F C E, F ouptrayés).

Av To U eival eEWTEPIKG KOl EOWTEPIKE KAVOVIKG 0 K&Be alvolo Borel T6Te
OVOPGIETOI KAVOVIKG HETPO. To va eivail évor HETPO KOVOVIKG £ivVa OIPKETES OTTON-
TNTIKA OLVORKN. MIa TTI0 «XOACP» aTTATNON £ivan €va HETPO var eival KHETPO
Radonx»: Aépe 6T To p eival pétpo Radon atov X av eivan pétpo Borel otov X,
TIETTEPAOPEVO OTA CUPTTOYH OUVOAQ;, EEWTEPIKG KAVOVIKG 0TO 0UVOAG Borel, kai
E0WTEPIKA KAVOVIKO OTA avoIkTé. Oa deifovpe apydTepa 611 Ta Radon péTpa
€ival KOl ECWTEPIKG KAVOVIK& £POOOV EIVOI O-TTETTEPATHEVAL.

‘Evag ToTroAoYIk6G Xwdpog X AéyeTon xdpog Hausdorff av yia k&Oe x, y € X
LTTaPYOLV avoIKTG E€va abvoda U, V ddaTte x € U kai y € V.

To ak6AovBo Bedpnpa Ba aTmoderxOel peTA TN HEAETN Twv PETpwv Radon.
Mpog To TTapGSv pog Sivel arGvTnon oTo av LTTAPXE! (GTTEIPn) aKoAovBia ave-
E&pTNTWV TUXAIWY HETAPBANTGOV.

Oepnpa 8.1.10 Eotw oti o1 OO, yia a € A eival PIX OIKOYEVEIX OCUUTTAYWV XWD-
pwv Hausdorff, kai yio k&Be a Eotw OT1 TO P, eivar éva Radon pérpo mlavoTnTog
orov Q,. Tote vTTAP)El HOVASIKG PETPO Radon P otov Q) := [1,4 Q, WoTe yia

z 2z z - n
OTTOIASHTTOTE SIOKEKPIHEVA 8y, ..., @, € A 1 EIKOVa TOU P OTOV XWpO [T;_4 Qa/ HE
71 ouvvrjon mpofolij eivai To yivopevo Twv P, ..., P, .

Mapatnpolpe £dad 0TI N araiTnon va eivar o1 xdpor O, CUPTTOYEIG HeV PO
ePTTOOICEl VO EPOAPHUGOOVHE TO TTAPATTIAVW BEDPNUA O I CUPTIAYEG XWDPOUS,
6TTwg 010 R, 0poV PTropolpE Vo EQAPHOCOVHE TO BEWPNHO OTN CUPTIAYOTTOI-
non (kat& Alexandroff) Tou xdpov, Bétovrag P,({eo}) = 0. ‘ETol pye Béon To
TapaTTGvw Bedpnpa ko T ouZATnon Tov £yive oTi§ oxéoelg (8.3) kai (8.4)
HTTOPOUHE VO €XOVHE 00ETOATTIOTE QVEERPTNTES TUXOIEG HETOPANTEG PE TTPOKOL-
Bopiopévn kaTavopn oto R.

Mo mopdderypa, ag vrobéaouvpe 6T B€AovE va Bpolpe Tuxaieg ave§apTn-
TeG HETAPANTEG X, o1md évar Xwpo moavéTnTag QO oto R 1mou var €xouv GAeg
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KOTQVOpI] TNV YKoovaiavrj y, 61rou y(A) = 21 1 A e /24t ©¢toupe Q, = R,
o6mou R* n katé Alexandroff ouptrayotroinon Tov R pe To Ykaouoiavé HETPO y
Bétovtag y({eo}) = 0. Zopgpwva pe To TRpaTTavm Bedpnua To obvodo Q =
[, Q, epodigleTan pe (Hovadikd) péTpo mOavéTnTOS P pe TIG 1616TNTEG TTOL
meprypdgel To Bedpnua. OpiCovpe X, : Q — R 6€tovrag X,((w)4) = w,
YIX KGOE (W)ies € Q. APoUL To P 0OppWVA PE TO TTAPATIAV®W BEDPNHA, HETG
TNV MpofoAr oTo I_I;l=1 Q, TOUTICETAI HE TO [—I;I=1 P,, oGppova pe ouliRTnon
oL paG 0driynoe otn oxéon (8.4) o1 X, eivan ave&apTnTeS (X, = f, ° proj, pe
fa(x) = x). Téhog eivan GAeG TOUG YKAOLTIAVES, OPOU
Py (E € R) = P(X](E)) = P(proj, ' (E) € Q) = B(E) = y(E),

6TTOL OTNV TTPOTEAELTAIC! IGSTNTA XPNOIHOTIOINCAHE TO TEAELTAIO BEDPNHO HE
n=1kaa; =j.

8.2 O vopog Twv peyGAwv ApIOpwv
Oepnpa 8.2.1 (AcBeviig VOpOG TV peydAwv apiBpwv) Fotw ot n X, eivar

pia akoAouvBia aveédpTnTwv TUXCIWY HETABANTWV OTOV L, LIE HEOES TIUEG U,
Ko SIaKVPAVOEIG o2, Av lim,, |, n™? 0? = 0 101¢

j=1%]j
lP’< >e>—>0

Amé6eién: Mapornpodpe 611 E(n™ Z]L (Xj—p;)) = 0 kon Aéyw TnG ave€apTnoiag,

1 n
j=1

KaBwgn = oo,

2
1< 5 1 < / )
n? Z 9j <n Z i T H > = [ In’1 (X I >e} €

apa

1 <
>e ] < o - 0.
>—n2€21; !

Afjppa 8.2.2 (Borel-Cantelli) ‘Eotw o1 Ta A, eivar pia akoAouBia evoexopEvwy.
Av > P(A) < o 16Te P(limsupA,) = 0. Av o1r6 Tnv dAAn pepid ta A, eivor
ave&dprnrakar X, P(A,) = o 16T P(limsupA,) = 1.

Amodeién: EmaidA limsup A, = N2, U2, A, Ba £xovpe

PlimsupA,) < P (U A,) < i P(A,) - 0
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KOBWG k — oo,

Emeidy (limsupA,)© = UpL, N2, A5 apkel va deifovpe 611 P(N;7 kAC) =0
yia kéBe k € N. ANG Ta A, eivarl aveEGpTnTa atré 61T0U E0KOAX TIPOKVTITE OTI
Kol Ta AS eivarl aveEaptnTa (Aoknon 1). Apa yia kGBe N € N 1ox0el

I
18

P(NY_A5) = [1(1-PA,)

B~
Il
=~

N
e PA) = e~ T PA)

IA
18

n=k

KOBwWG N — oo, OAOKANPWVOVTAG TNV a1rédeIn. M

Mpotaon 8.2.3 (AvicotnTa Kolmogorov) Eotw dtior Xy, ..., X, eivar aveédptn-
TG TUXAIEG HETABANTES pEoNG TIurG O kai pe SioKuuGvoEr§ o7, ..., 02. Av S, =
Xy + -+ + X 707€ y10 KGOe € > 0 10)U€l

1 n
lF’<max IS, | 2€> §€—2202

1<k<n —
Am66eién: Oewpolpe Ta GUVOAX
A= fw : IS <eyixj=1,...k=1kan S| > 3

Qavepd avTd eivan peTagb Toug E€va ka
n
U . = {w : max|S,| > e}.

Apa

M=

n
P{max|S,| > €} = Z P(A,) < l2
k k=1 € k

[E(XA,(Skz)/

1

a@ov fAk S¢ > €2P(A). AT6 Tnv GAn,
(a2 +25,(5, = S + (5, = 502)

XAkSk XAkSk Sn = S0)-

222:; XAk i

Av Topa Seifovpe 6T [E(XAkSk(Sn —5;)) = 0 T6Te B €xovpe deiel 6TI
[]”{maxIS]>e}<1 =l§n;
Kl 2 &2 2 L

1<k<n

OAOKANPWVOVTAG TNV omr6deI&n. AMG n peTOBANTA X4 Sy €ival cuVEPTNON TWV
Xiser X VO N S, — S eival ouvapTnon TV Xi,q, ..., X, 0OTOTE givar avedp-
TNTEG, KOI OUVETTWG I0XVEI

IE(XAkSk(Sn —Sk)) = [E(XAkSk)[E(Sn —Sk) = IE(XAkSk) -0=0.
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Oepnpa 8.2.4 (loxupog VOpOS Twv peydAmv apipwv Tov Kolmogorov) ‘Fotw
ot n X, eivar pia akoAovbia ave&GpTnTwy TUYAIWY PETAPBANTWOV OTOV L, LE LIE-
OEG TIPES Wy, Kau SlaKupGvoerg 02. Av X" n"202 < oo T6TE n) akoAouvBiat

1 n
n ; Xj—w)
ovykAivel oto 0 oxebov ofyovpa yian — oo.

ATT68e1€n: OéTovpe S, = Xp_4 (Xj — ), kau yix € > 0 O€Tovpe
A = {w : %ISHI > eyl kGmoio 2K < n < 2K},
Y710 Ay 100l [S,] > €2K" yia kGoio n < 2K, A6 Tnv avioéTnTa Kolmogorov

PA) < [P’{ max IS,| > en}

2k=1<n<2k

—eznz Z On _€24k120

n=2k-1

4 1 8 — 1
=6—22< 27>0§S€—22§03,
k>lo;

g, N n=1

610U 1 aAAoyr] TNG OeIpds GBpoIoNG YIVETOI EDKOAG XPNOIHOTIOIDVTAG XOPO-
KTNPIOTIKEG ouvapTHOEIS (Kol To Bedpnpa Tonelli):

= 2 R 1 i 1
kZZ—k ZZ 2 _kor%ZZXH ,,,,, zk}(n)ﬁoﬁf

KOI TIAPOTNPWVTOS OTI Xpy, 5k(n) = 1 av kon pévo av k > log, n.

A6 To Afjppa Borel-Cantelli oupmrepaivoupe 611 P(limsupA,) = 0, SnAadr|
oxedov ofyoupa IS,|/n < €. Apalimsup [S,|/n < € oxeddv oiyoupa. EmriAéyou-
pe Tédog € = 1/k ko Gpa To obvoro By = {w : limsup, IS,I/n > 1/k} éxer
meavéTNTa PndEv, oméTe P(U;By) = 0, bnAadr limsup, IS, I/n =00.0. m

Oewpnpa 8.2.5 (loxupdog vopos Twv peydAwv apidpwv Tov Khinchine) Forw
ot n X, eivar pia akoAovBia ave§GpTnTWY TUXATWY LETOPBANTWOV OTOV Ly pE TNV
ibia yéon Tipn p. TéTe n akoAovdia

n
XX,-

j=1

Si=

OVLYKAIVEl OTO U OX€60V Ofyoupa yion — oo.
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ATT66€18n: AVTIKABIOTAOVTAS TIG X; PE TIS X — 1 PTTOPOUHE VO LTTOBECOLE XWPIG
BAGPN Tng yevikéTnTag 671 1 = 0. ‘EOTW 6T1 N v €ival 1 KOIVI) KATAVOI] TWV
X;. ‘ETo1 (06 v MpdTaon 8.1.2 yia f(6) = [t| kon ¢ = X;) €xoupe [tldv(t) =
EIX;| < oo kau [ tdv(t) = E(X;) = 0. ©¢Tovpe

X; av IXj] <j

Y,
/ 0 oMis.

‘ETo1 £X0upE

; P, # X} = > PlX;| > j} = /; PIXe 1 > 1)

-

—

)

Pl s ld >3 = > vit: Itl >}

1 j=1

Il
T'Mg

8

jovitsj<ltl <j+1}

—
]
-

g/ Vit : It > shds = /[tldv(t) < w.
0

Apa o1r6 To Afjppa Borel-Cantelli
P(lim sup{w : Y(w) # Xj(w)}) = 0.

AnAodi
P(lim sup{w : ¥(w) = X;(w) yio peyéAaj}) = 1.

TuveTrddg apkei va dei§oupe 611 n! Z;l=1 ¥ —»0o0.0.
Mo Tig Y, €xoupe

Apa
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Apa 016 TOV 10XUPS VOpO TV peYGAwY apiBpay yia p; = E(Y) 10x0el

1< 1 <
n2 Y n2H=0

J= J=

jary

oxed6v oiyovpa. AAAG atré To Oewpnpa Kupiapxnpévng ZoykAiong

i = / tdv(t) —)/ tdv(t) =0,
|f|§] —o0

omére n”! 2111 H;j = 0, oAokAnpa@vovTag TNy amédeién.

Aoknozeig

(i) ATrodei€Te 6T1 av Tor evOEXOHEVO Ay, ..., A, gival aveEGpTNTa TOTE €ival o-
ve€ApTNTO KOI TX AS, ..., AS, TTOSEIKVOOVTOG TIPOTA OTI TA Ay, ..., A1, AS,
eival ave&EGPTNTA, KOl GLUVEXICOVTAG PE ETTOYWYH.

8.3 To KeVTPIKO OPIOKO BEWPNpa

‘Evag ToroAoyIKGG Xidpog X AEYETOI TOTTIKG OCUPTTOYHS v KGOE onpeio x € X
£xel pia oupTrayn epioxn. AnAadn, uTrépyel cupTTayég K C X doTe x € K°.

Aépe 611 pia ouvapTtnon f @ X = R undevideTon oTo &reipo 6TAV Yo KGOE
€ > 0 1o obvoro {x : |f(x)| > €} efvon oupTTayég vTTOOGVOAO TOL X.

OfToupe

Co(X) = {f € C(X) : f pndevileTan oTo Greipo},

61ou C(X) 0 XWPOG TWV OLVEXWV CUVOPTIOEWY TG TOV TOTTOAOYIKG XWpo X
oto R.

MTropei va arodei€el kaveig 611 av o X eival TOTNIKG oUpPTTOYRS TOTE TO Co(X)
eival n KAeloTr BfKn Tou

C.(X) = {f € C(X) : supp(f) oupmayés},

aTtov xwpo (C(X), I - II,), 6mmou supp(f) = {x € X : f(x) # 0O}. Emiong éva
TTOAD YV(L)OTO Gswpqpor amé TNV OLVAPTNOICKY OVEALOT), TO OLWPNHA OVO-
Tap&oTaong Tou Riesz, Aéel 611 av o X eival Tomkd oupnoryrjg TOTTOAOYIKGG
XWDPOG 0 HUIKGS XWpog Tou xwpou Banach (Cy(X), I -+l slvou |00ps'rpu<0( 106-
pOpPPOG pe Tov Xpo Twv Radon mpoonpoopévwv pétpwv (M(X), || - II), érou
lull == pl(X) = p*(X) + p~(X) n oAk kOpavon Tov pETpou u. ZTov XWDPO av-
T6 opiCoupe TNV aodevij GoTpo (weak*) ToTroAoyia 0pifovTaG Yo I oikoAouBiax
Hn, € M(X) va ouykAivel oto p € M(X) av kail pévo av

[ fdun [ 7oy

yiok&Oe f € Cy(X). Aépe TOTE OTI N U, CLYKAIVEI OOEVAG-* OTO U KO YPAIPOUHE

Hn >, u. Oupifoupe 61 n oUykAion opilel ToTToAOYix, aoU N GVYKAION PTTOPEl
Vo TTEPIYPAYE! TO KAEIOTG OUVOAD (60O TTEPIEXOLV TOl KATG T GUYKAION OUTH
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OpPIOK& TOUG ONHEIR) KOl CUVETTAG OPICEl KOI TA OVOIKTG (0G CUHTIANPWHOATA TV
KAEIOT®V.

To TapakGTw BedpnHa, ToPSAo TTou eival KEVTPIKS 0T Bewpicr TIOAVOTH-
Twv, 6ev Ba To ammodeifovpe YIOTI ATTAITEl YVDOEIG ATT6 TOV HETAOXNHATIONO
Fourier, Trou eivan £§w aré TOUG OKOTTOUG TOL TTAPGVTOG KEIPEVOU.

Oewpnpa 8.3.1 Fotw 611 ) X, eivar piax akoAovbia ave§GpTnTWY TUXAIWV HE-
TaPANTAWOV oTOV L,y pg KOIVA péon Tipr p ko Siakopavon o2. TTe, kKaBwg n — oo,
n Karavoun TG

,] n
—_ X —
o\/ﬁ;( =)

OUYKAIVEI d0OEVUIG-* OTNV TUTTIKI] KOVOVIKI] KATQVOUI] Y4, KO EIOIKOTEPA

1 <& 1 [
Pl— > (X.—u) <a —/ /2 ¢,
(o 2ovmza) o = e

8.4 Aokinozig

(i) "Eotw 611 Q = {1,2,3,4} kit P({n}) = 1/4 yia kG6e n € Q. Bpeite Tpia
evoeXOpeva TTOL va eivan aveEapTnTa avé 800 oAAG va pnv eivair ave&ap-
O

(ii)



